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This book is dedicated to 
Professor Florentin 
Smarandache, who listed 
many new and unsolved 
problems in number theory. 


Preface 


Arithmetic is where numbers run across your mind looking for the answer. 
Arithmetic is like numbers spinning in your head faster and faster until you blow up 
with the answer. 
KABOOM!! 
Then you sit back down and begin the next problem. 
Alexander Nathanson 


Mathematics is often referred to as a servant of science and number theory as a 
queen of mathematics, by which we are to understand that number theory should 
contribute to the development of science by continuously supplying challenging 
problems and illustrative examples of its own discipline in anticipation of later 
practical use in the real world. 


The research on Smarandache Problems plays a key role in the development of 
number theory. Therefore, many mathematicians show their interest in the 
Smarandache problems and they conduct much research on them. Under such 
circumstances, we published the book <RESEARCH ON SMARANDACHE 
PROBLEMS IN NUMBER THEORY>, Vol. I, in September, 2004. That book 
stimulated more Chinese mathematicians to pay attention to Smarandache conjectures, 
open and solved problems in number theory. 


The First Northwest Number Theory Conference was held in Shangluo Teacher's 
College, China, in March 2005. One of the sessions was dedicated to the 
Smarandache problems. In that session, several professors gave a talk on 
Smarandache problems and many participants lectured on Smarandache problems 
both extensively and intensively. 


This book includes 34 papers, most of which were written by participants of the 
above mentioned conference. All these papers are original and have been refereed. 
The themes of these papers range from the mean value or hybrid mean value of 
Smarandache type functions, the mean value of some famous number theoretic 
functions acting on the Smarandache sequences, to the convergence property of some 
infinite series involving the Smarandache type sequences. 


We sincerely thank all the authors and the referees for their important 
contributions. Thanks are also due to Dr. Xu Zhefeng for his effort of making files of 
LaTeX style. The last, but not the least, thanks are due to the teachers and students of 
Shangluo Teacher's College in China for their great help in our successful conference. 


August 10, 2005 
Zhang Wenpeng, Li Junzhuang, Liu Duansen 


ON THE SMARANDACHE M-TH POWER RESIDUES* 


Zhang Wenpeng 


Department of Mathematics, Northwest University, Xi’an, Shaanxi, PR.China 
wpzhang@nwu.edu.cn 


Abstract For any positive integer n, let ф(т) be the Euler function, and am (n) denotes 
the Smarandache m-th power residues function of n. The main purpose of this 
paper is using the elementary method to study the number of the solutions of the 
equation p(n) = am (n), and give all solutions for this equation. 


Keywords: Arithmetical function; Equation; Solutions. 


81. Introduction 


For any positive integer n, let n = p p5? ---p;" denotes the factoriza- 


tion of n into prime powers. The Smarandache m-th power residues function 
Am(n) are defined as 


ag (n) = pi pe Ag per. Bi = min{m — 1,04), i = 1,2.---,k. 


In problem 65 of [1], Professor F.Smarandache asked us to study the properties 
of this function. Let (n) denotes the Euler function. That is, p(n) denotes 
the number of all positive integers not exceeding n which are relatively prime 
to n. It is clear that p(n) and am (т) both are multiplicative functions. In 
this paper, we shall use the elementary method to study the solutions of the 
equation involving these two functions, and give all solutions for it. That is, 
we shall prove the following: 

Theorem. Let m be a fixed integer with m > 2. Then the equation 
O(n) = а (т) have m + 1 solutions, namely 


n = 1,2#,2°3®, quel2conm-t 


82. Proof of the theorem 


In this section, we shall complete the proof of the theorem. Letn = 
pips? ---p,* denotes the factorization of n into prime powers, then from 


the definitions of p(n) and am(n) we have 


amín) = pP pS -- pP, —min(m-l,oj]i-1,2.-.,k (1) 
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and 
$(n) = pt! (pi — 1)р9°— (pa — 1) Pe (Pk — 1). (2) 
It is clear that n = 1 is a solution of the equation ó(n) = am(n). If n > 1, 


then we will discuss the problem in four cases: 
(i) If Sa; > m, then we have o; — 1 > т, max (85) < m — 1. Combining 
j 





(1) and (2), we know that ф(п) # а (п). That is, there is no any solution 
satisfied p(n) = а (т) in this case; 








(ii) If ay = ag = --- = ар = т, then we have 
am(n) = pp py PRO 


and 
b(n) = pr (m — 1)p7 (pa — 1)---р (px — 1). 


It is clear that only n = 2”” is a solution of the equation in this case; 
(iii) If max {ai} < m, then from (1) and (2), and noting that 8; = ор > 
1 


ок — 1, we know that p(n) Z am(n) for all n in this case; 

(iv) If 3 1, j such that a; = m and a; < m, then from (1), (2) and equation 
&(n) = а (n), we get p; = 2. If not, then d(n) is an even number, but a (n) 
is an odd number. Noting that if a, < m, then ó(n) Æ а. (т), so we have 
ар = m and 


p(n) 





201992 (p) — 1) ++ pg (pp — 1) 
am (2?! )am (р52) +++ (рь) = am(n). 


If o1 = m, then n = 2"' is the case of (ii). Hence, ay < m. Now from the 
equation, we have 


9* (pa — 1) pr (px — 1) = 2a (p5?) -- am (р). 6) 


Noting that 2|(p; — 1) if i > 1, from (3) we can deduce that only one term with 
the form р; — 1 in the left side of (3). That is, 


р 


п = 2°р". 
From 
$(2* p^) = а„(2®р") = p"-1(p— 1) = 2"), 


we get n = 293",1 < а < m. That is, n = 223", (1 < о < т) are all the 
solutions of p(n) = aj, (n) in this case. 

Now combining the above four cases we may immediately get all m + 1 
solutions of equation ó(n) = а (т), namely 


n—1,2"7,2293"7. a=1,2.---,m-—l. 


This completes the proof of Theorem. 
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AN EQUATION INVOLVING EULER’S FUNCTION* 


Yi Yuan 
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Abstract In this paper, we use the elementary methods to study the number of the solu- 
tions of an equation involving the Euler's function ф(т), and give an interesting 
identity. 


Keywords: Multiplicative function; Arithmetical property; Identity. 


81. Introduction 


For any positive integer n > 1, the Euler function d(n) is defined to be the 
number of all positive integers not exceeding n which are relatively prime to 
n. We also define J(n) as the number of all primitive Dirichlet's characters 
mod n. Let А denotes the set of all positive integers n satisfying the equation 
ф2(п) = nJ(n). In this paper, we using the elementary methods to study the 
convergent properties of a new Dirichlet's series involing the solutions of the 
equation ф2(п) = nJ(n), and give an interesting identity for it. That is, we 
shall prove the following conclusion: 

Theorem. For any real number s > 2, we have the identity 





< 1 6253633) 
2 ns ((6s) ^ 
ncA 


where ¢(s) is the Riemann zeta-function. 

Taking s = 1 and 2, and note that ¢(2) = 12/6, ¢(4) = т1/90, C(6) = 
19/945, С(12) = 69171?/638512875, we may immidiately deduce the fol- 
lowing identities: 


© 1 315 с | 15015 1 
Sell) d GI Red m 

> сш = Ж. 2 n2 13827 

n=1 n=1 

ncA ncA 
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82. Proof of the theorem 


In this section, we will complete the proof of the theorem. First note that 
both ó(n) and J(n) are multiplicative functions, and if n = p^, then J(p) = 
p— 2, (р) = p — 1, J(p*) = p^? (p — 1)? and ф(р®) = р°—1(р— 1) for 
all positive integer o > 1 and prime p. So we will discuss the solutions of the 
equation ф°(т) = nJ(n) into three cases. 

(a) It is clear that n = 1 is a solution of the equation ¢7(n) = nJ(n). 

(b) If n > 1, let n = pj" ps? --- ро denotes the prime powers decomposi- 
tion of n with all a; > 2 (i = 1, 2,------ , k), then we have 


In) = pt? (pi — 1)? --- per? (py — 1)? 


and 
g? (n) = (рї (x — 1932 (os — ре (x - 2) 


For this case, n is also a solution of the equation ¢?(n) = nJ(n). 

(c) En = рр» ++ ppp pr" with py < ро < -+ < pr and aj > 1, 
j=r+l,r+2, ---, Е, then from (b) and the definition of p(n) and J(n) 
we have ¢?(n) = nJ(n) if and only if 


d^ (pipa ++: Pr) = pipa Prd (pipe +++ Pr) 


or 


(ру — 1)?(p3 — 1)?--- (pr – 1)? = pipe +++ pr(pi — 2)(p2 — 2) +++ (pr — 2). 


It is clear that p, can not divide (p; —1)?(p2—1)? - - - (p. —1)?. So the equation 
ф2(п) = nJ(n) has no solution in this case. 

Combining the above three cases we may immediately obtain the set of all 
solutions of the equation ¢?(n) = nJ(n) isn = pt p? - - - p?* with all a; > 1 
and 1. That is, A is the set of all square-full numbers and 1. 

Now we define the arithmetical function a(n) as follows: 


a(n) = | 1, if ne A, 


0, if otherwise. 


For any real number s > 0, it is clear that 
dl cen 
do ne iae 
n m=1 
ne 


оо 


1 
апа er — is convergent if s > 1. So for s > 2, from the Euler product 


ome (see [2]),we have 


Ап equation involving Euler’s function! 














GI a(p?) , а(р?) 
11 
lebe) 
1 
es 1+ 
" р?5(1 5) 
a pe —p>+1 
x П р?5 ps 
B p*41 
g Пу) 
" pee ei 
Е П р Dep 
Г а= езе 
_ 6(25)6(35) 
Q(6s) ' 


where ¢(s) is the Riemann zeta-function, and П 


| р 
primes. 


This completes the proof of the theorem. 
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Abstract The main purpose of this paper is using the elementary method to study the 
divisibility of д. (n) by y(n), and find all the n such that y(n) | 5. (n). 


Keywords: Euler function; Arithmetical function; Divisibility. 


81. Introduction and main results 


For a fixed positive integer k and any positive integer n, we define a new 
arithmetic function as following: 


ôk(n) = max{d | d | n, (d, к) = 1} 


If n > 1 the Euler function y(n) is defined to be the number of positive 
integers not exceeding n which are relatively prime to n; thus, 


n 


e(n) = Y 1 
k=1 


n 


/ 
where 5 indicates that the sum is extended over those k relatively prime to 


k=1 
n 


In this paper, we shall study the divisibility of ö,(n) by y(n), and find all 
the n such that y(n) | 6, (7). In fact, we shall prove the following result: 


Theorem. (л) | ö,(n) if and only if n = 2938, where a > 0,8 > 
0,a, BEN. 


82. Proof of the theorem 


In this section, we will complete the proof of the theorem. First we need the 
following Lemma. 


*This work is supported by N.S.F. of P.R.China (60472068) 
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Lemma Forn > 1, we have 


e =n] (1-3). 


pin 


Proof. See Theorem 2.4 in reference [2]. 

Now we use the above lemma to complete the proof of Theorem. We will 
discuss it in two cases. 

I. (n,k) = 1, then бк(т) = n. Let n = pt" ps? --- p% is the factorization 
of n into prime powers. From the Lemma, we can write 


aı-—l 


p(n) = pt! (pi — 1)р92— (po 1): p% (ps — 1), 
If y(n) | о. (т), then 


ае 


pap, — 1)p2 1 (py 1). p% "ps — 1) | n, 


that is 
(py — 1)(pa — 1): (ps — 1) | ipa ps, 


from the above formula, we are sure of 

i) pı = 2, if not, (pı — 1)(pa — 1)--- (ps — 1) is even but pı pə- - - p, odd 
and 

ii) s < 2, since 2|(p; — 1) (i = 2,3,---,s) but p2p3 ·· ·р, can not be 
divided by 2. 

If s = 1, then n = 2°,о > 1. 

If s = 2, then n = 2236, a > 1,8 > 1. 

Thus, we can obtain that n = 293%, a > 1,8 > 0 such that y(n) | 5. (n) 
when (n, k) = 1. 

П. (n, k) Z 1, we can write n = nı · n2, where (nı,k) = 1 and (nı,na) = 
1, then 

dx (n) = п, 


and 
p(n) = p(n1)p(na), 


If y(n) | 6, (n), that means 


Ф(тт) (то) | ni, 


that is 
c(ni) | m (1) 
ф(пә) | m (2) 


from (1), we сап get 
т = 23i, (3) 
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where aı > 1,01 > 0,04,01 € М. 
combining (3)and(4), we can easily get 


(ng) | 203%, 


this means 
p(na) = 1. 
Otherwise (n1, n3) Æ 1. 
So 
na — 1 


Altogether, whether (n, k) — 1 or not, we can obtain n — 2938 а> 1,8 > 
О such that (т) | бь(т). 
This completes the proof of the theorem. 
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ON THE MEAN VALUE OF THE DIRICHLET’S DIVISOR 
FUNCTION IN SOME SPECIAL SETS* 


Xue Xifeng 
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Abstract The main purpose of this paper is using the analytic methods to study the mean 
value properties of the Dirichlet’s divisor function in some special sets, and give 
several interesting asymptotic formulae for them. 


Keywords: Divisor function; Mean value; Asymptotic formula. 


81. Introduction 


For any positive integer n and k > 2, the k-th power complement function 
bi (n) of n is the smallest positive integer such that nbi (n) is a perfect k-th 
power. In problem 29 of reference [1], Professor F.Smarandache asked us to 
study the properties of this function. About this problem, some people had 
studied it before, and obtained some interesting conclusions, see references [4] 
and [5]. In this paper, we define two new sets B = (n € N,b,(n) | n) and 
C = (n € N,n | by(n)). Then we use the analytic methods to study the mean 
value properties of the Dirichlet's divisor function d(n) acting on these two 
special sets, and obtain two interesting asymptotic formulae for them. That is, 
we shall prove the following : 

Theorem 1 . For any real number x > 1, we have the asymptotic formula 


il 


5 d(n) = arta)? (pr) - f(logz) + +0 (amt), 


where 





1 p" ((p™ — 1)(m 4- 1) +p% 
«e = (^t | 


E + tl (pm — 1)? 


(p Z_1 yu C1) pci 





(p+ 1)m+(pm — 1)? 


*This work is supported by N.S.F. of P-R.China (60472068). 
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/ (у) is a polynomial of y with degree m = [EH.], and e is any fixed positive 
number. 

Theorem 2 . For any real number x > 1, we have the asymptotic formula 








21082 1+1) (р 1 1 
У а) = aer ILU ( 0 P) + Av + oii) 


T 
nec 


where I = [š], A is a constant, and є is any fixed positive number. 


82. Proof of the theorems 


In this section, we shall complete the proof of the theorems. In fact, let 

n = pi ps? --- p?» denotes the factorization of n into prime powers. Then it 

is clear that b(n) = bg (p! ps? --- pS?) = be (pt )by(p5?) -- + be (pes). That 

is, b(n) is a multiplicative function. So we first study the problem in the case 
Q 


up. 
(1) If a > k, then from the definition of bi (n) we know that b(n) | n. 
Therefore n € B. 
(2) If a < k, then bi (n) = p*-?. So combining (1), (2) and the definition 
of B and C, we deduce that n € B if a > [EH], and n € C ifa < [5]. Now 


we prove the theorem 1 and theorem 2 respectively. First let 


yeu. 


S 
ncB } 





Then from the definition of b,(n) and B, the properties of the Dirichlet's 
divisor function and the Euler product formula [2], we have 





d(p™ d m+1 
f(s) = (1+ UM es) 














p 
m-+1 m + 2 
= П (1 = ms з (m+1)s ne ) 
р р р 
m+1 m+1 p? ) 
- 1+ | + 
П ( А? ТАК ке 
_ См) php рт тв) Gy 
ns v (perse vest (ue ec)? 
m+1 . 
(р? Ж 1)? y (RS pontis 
i=2 





(pms + 1)m+1(ps ER 1)? A 
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where ¢(s) is the Riemann zeta-function and m = [531]. 


Obviously, we have 


< 1 
> 1^ 





|d(n)| € n, 





2 d(n 
x 


where o > 1 — i is the real part of s. Therefore by Perron formula [3], with 











3 
so = 0, b 2T 12m, we have 





Y d(n) = ee gl нй) (в) Tas ЖУ с 




















md — 2mi Zap С (218) 
neB 
where 
5 т+1 | 
р" 8 ((р® 1)(m | 1) | p?) (p? 1)? (m. Deere): 
m | i—2 
R(s) =; П L3 (pms + 1)m+t1(gs Е) 2 
To estimate the main term 
2 E 
1 HT m+1 8 
Я 
2тї J2-ır Q"H(2ms) 8 
we move the integral line from 5 = 2 +iT to s = > + iT, then the function 
т+1 8 
Ç (ms) R(s) т 
C" (2ms) 8 


have one m + 1 order pole point at 5 = li with residue 


NES RUNE R(s)$ C9 
lim = ((ms =) СТА сои ) E 








nl cm+l(2ms 

= dim — (B) ((ms 7H (ms) a T i 
+ lim — (P) ((ms = DHH m)" ^ ло ы 
+ lim E (m) (ms — IMHE" (ms) Ru 


ee (m) fem 0 (6). 


where f(y) is a polynomial of y with degree К, and e is any fixed positive 
number. 
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So that we can get 


1 Ze ыг HAT 2 TN ст+1 s 
ee | «f ESA ы R(s)ds 
2л? agp 2 QT sir Jr) (mtl(2ms)s 

1 
тат 1 ait е 


It is easy to estimate 





1 HT (m+l s 
А Е uoc R(s)ds| < тюй}, 


2тї 247 Q"(2ms)s 








1 
< Lim te, 


1 EN ee (m1 (ms) a8 
-_____~__ R(s)ds 


ті ir (Mtl(2ms)s 











апа 


1 
< rm 5, 


1 ro Primer 
— MS R(s)ds 


2ni Ја ыт Qt l(2ms)s 











Therefore, we have 


Y do) = cg (P™) бова) + +О (o7), 


where 





р" ((pm — 1)(m +1) + pm) - (pm MOR ш ода 
R(pr)=]] | 12 A 


(p + 1)'"+1(р= — 1) 





This completes the proof of Theorem 1. 
For any integer k > 2 and any real number s 1, let 


(=>, an) 


nel 





Then from the Euler product formula [3] we have 








() - 5 
nel 
d d(p? d(p! 
ЕЕ 
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‚ 2 3 ms 
IU ese uero ls 


p 








Il 
Рата 
lla 
|= 
Neal? 
LESEN 
Зы 
+ 
le 
ж 
БЛ 
wD 
Wo 
[^] 
Sls 
q + 
Ela 
wm 
LONE | 











р p? 
1—-d i41 
= ¢(s) П | 1 = = La] 
_ ¢7(s) (1 + 1)(р° — 1) 
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where I = [5]. So by Perron formula [3] and the methods of proving Theorem 
1 we can easily get Theorem 2. 
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Abstract Let p and q be two distinct primes, ере (n) denote the largest exponent of power 
pq which divides n. In this paper, we study the properties of the sequence 


ера (т), and give an interesting asymptotic formula for the mean value ) epg (n). 
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81. Introduction 


Let p and q be two distinct primes, e, (7) denote the largest exponent of 
power pq which divides n. In problem 68 of [1], Professor F. Smarandache 
asked us to study the properties of the sequence e,(n). About this problem, 
some people had studied it, and obtained a series of interesting results (See 
references [4] ). In this paper, we use the analytic method to study the proper- 
ties of the sequence e,,(n), and give a sharp asymptotic formula for its mean 
value 5 ера(т). That is, we shall prove the following: 

nsa 

Theorem. Let p and q be two distinct primes, then for any real number 

x > 1, we have the asymptotic formula 


У; ем(п) = “_ +0 (з) ; 


i pg—1 





where e is any fixed positive number. 


82. Proof of the theorem 


In this section, we shall complete the proof of Theorem. For any complex 
s, we define the function 


f(s) = Y epa (n). 


8 
n=1 1 
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Note that the definition of ej; (n), and applying the Euler product formula (See 
Theorem 11.6 of [2]), we may get 
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where ((s) is the Riemann zeta-function. 
Obviously, we have 
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where c is the real part of s. Therefore by Parron's formula ( See reference 
[3]) we can get 
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where N is the nearest integer to x, ||x|| = lx — N|. Taking so = 0,b = 


3, H(z) = ln z, Bie) = we have 
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we move the integral line from s = 3 + iT to s = i + T. This time, the 
function 
S(s) a 


98) = (pq) —1 s 


has a simple pole point at s — 1, and the residue is PT So we have 
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Taking Т = x, and note that 
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we may immediately get the asymptotic formula 


I ем(п) = = i* O (gae) : 


NEL pq 





This completes the proof of Theorem. 
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Abstract The main purpose of this paper is using the elementary and analytic methods to 
study the mean value properties of the additive k-th power complements, and 
give some interesting asymptotic formulae for it. 
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81. Introduction 


For any positive integer n, the Smarandache k-th power complements by. (n) 
is the smallest positive integer such that пр. (т) is a complete k-th power, 
see problem 29 of [1]. Similar to the Smarandache k-th power complements, 
the additive k-th power complements a(n) is defined as follows: aj(n) is 
the smallest nonnegative integer such that a(n) + n is a perfect k-th power. 
For example, if k — 2, we have the additive square complements sequence 
{a2(n)} (n = 1,2,---) as follows: a2(1) = 0,a2(2) = 2,a2(3) = 1, a2(4) = 
0,a2(5) = 4,a2(6) = 3,a2(7) = 2,a2(8) = 1,a2(9) = 0,---. About this 
problem, many authors have studied it before, and obtained some interesting 
results. For example, Z.F. Xu [4] studied the mean value properties of the 
additive k-th power complements, and gave the following: 


Proposition . For any real number x > 3 and fixed positive integer k > 2, 
we have the asymptotic formula: 


2 
Yan) = ао (22-6). 


n<x 





For any fixed positive integer m, the definition of the arithmetical function 
(т) is 


О | din, (4, т) = 1}, if n#0, 


0, if n=0. 


In this paper, we shall use the elementary and analytic methods to study the 
mean value properties of the new arithmetical function бу,(ак(т)), and give 
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an interesting asymptotic formula for it. That is, we shall prove the following 
conclusion: 


Theorem. For any real number x > 3 and positive integer m, we have the 
asymptotic formula: 


= k? 2-i p 2—2 ; 


where || denotes the product over all prime divisors p of m, and e is any fixed 
p|m 
positive number. 
Taking k = 2, 3 in our Theorem, we may immediately deduce the following: 


Corollary. For any real number x > 1, we have the asymptotic formulae 


x 2 3 2+e 
2019) Е Ma +0 (xi ) 
and à 
em ES S 31€ 
ZEN) m Tos ¡+0 (5) 


$2. Some lemmas 


To complete the proof of the theorem, we need following Lemmas: 
Lemma 1. For any real number x > 1 and positive integer m, we have the 
asymptotic formula 


Y. = Д0 +0 (22+), 


n<x plm 


where e is any fixed positive number. 
бул, (п) 
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. Note that 
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Proof. Let s = o+it be a complex number and f(s) = % 
n=1 
dm (n) < n, so it is clear that f(s) is a Dirichlet series absolutely convergent 
for Re(s)> 2, by the Euler product formula [2] and the definition of 6,,(n) we 


get 
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where ¢(s) is the Riemann zeta-function, and [] denotes the product over all 
р 
primes. 


From (1) and Perron’s formula [3], we have 
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where є is any fixed positive number. 
Now we move the integral line in (2) from s = 3 + iT to s = 3 + iT. This 
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We can easily get the estimate 
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Taking T = x, combining (2), (4), (5) and (6) we deduce that 


S ö„(n) = 2^ TT 2. oit). (7) 
2 p+1 


n<x plm 


This completes the proof of Lemma 1. 


Lemma 2. For any real number x > 3 and any nonnegative arithmetical 
function f (n) with f (0) = 0, we have the asymptotic formula: 


oe 
> fíar(n)= Y, Y, f(a) +O >» „Дл 


п<т 1 n<glt) aall) 


0.2.5 
where [x] denotes the greatest integer not exceeding x and g(t) = 5 ( | ) i 
i=1 


Proof. See reference [4]. 


83. Proof of the theorem 


In this section, we will complete the proof of the theorem. From the defini- 
tion of ôm (az (n)), Lemma 1 and Lemma 2, we have 





Y óm(ar(n)) 
n<x 
[et] -1 
= m(n) +O} У min) 
=з» |) 
DE 1242k-2 
> | ; Wem ков) +0 (21-а) if k>3 
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For the cases of k = 2,3, we can also prove the results by Lemma 2. For 
example, 


Y dm(az(n)) 


n<x 
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This completes the proof of the theorem. 
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81. Introduction 


For any positive integer n, we let a(2n, 2) denotes the sum of the base 2 
digits of 2n. That is, if 2n = а12°1 + а22% +... + 052% with a; > as-ı > 


S 
...>a > 0, where a; = O or 1, i = 1,2,..., 8, then a(2n,2) = Y a;. 
i=1 


For any complex number s with Re(s) > 1, we define Riemann-zeta function 


as 
ul 
С(в) = 2, 87 


For any positive integer n, let 7,, be a number such that 


G(2n) = a 


where 7 is ratio of the circumference of a circle to its diameter. Then the 
sequence Т = (T4). is called the Smarandache-Riemann zeta sequence. 
In [1], Murthy believed that Ту, is a sequence of integers. Simultaneous, he 
proposed the following: 

Conjecture. No two terms of Tn are relatively prime. 

In this paper, we shall prove the following conclusion: 


Theorem. There exists infinite positive integers n such that Tn is not an 
integer. 

From this Theorem we know that the Murthy’s conjecture is not correct, 
because there exists infinite positive integers n such that T;, is not an integer. 
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52. Some simple lemmas 


Before the proof of the theorem, some simple lemmas will be useful. 


Lemma 1. /ford(2,(2n)!) < 2n — 2, then Т, is not an integer, where 
ord(2, (2n)!) denotes the order of prime 2 in (2n)!. 

Proof. See reference [2]. 

Lemma 2. For any positive integer n > 1, we have the identity: 





Ton 
оо(2т) = 5 d — 2n — a(2n, 2), 
i=1 


where |x] denotes the greatest integer not exceeding т. 
Proof. From the properties of [x] we know that 





2n] _ [ay2% + a22?? +...+ 052% 
2i] — 2i 


S 
5 aja if tok qw < Og 
j-k 
0, if i> о. 


So from this formula we have 











Too Too al | KIT Qs 
a(2n) = Y d E xc E + 092 = + а52 
ї=1 ї=1 
s Qj 8 
= Уу y= Y aj(1+24+2?+---+2%71) 
j=1k=1 j=l 


= 2n- a(2n, 2) 
This completes the proof of Lemma 2. 


83. Proof of the theorem 


In this section, we shall complete the proof of the theorem. From Lemma 2 
and the Theorem 3.14 of [3] we know that 





+00 
ord(2, (2n)!) = as(2n) = Y T = 2n — a(2n,2) 
i=1 


Now it is clear that ord(2, (2n)!) < 2n — 2 if and only if 
2n — a(2n,2) < 2n — 2. 
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That is 
a(2n,2) > 3. 


In fact, there exists infinite positive integers n such that a(2n,2) > 3. For 
example, taking n = 2° + 2°? + 293 + 2% with a4 > аз > ag > a, È 0, 
then a(2n,2) > 3. For these n, from Lemma 1 we know that Tn is not an 
integer. Since there are infinite positive integers o, оо, оз and од, it means 
that there exists infinite positive integers n such that a(2n, 2) > 3. Therefore, 
there exists infinite positive integers n such that T;, is not an integer. 

This completes the proof of Theorem. 
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Abstract In this paper, we shall use the elementary method to study the properties of 
the hexagon-numbers, and give an interesting identity involving the hexagon- 
numbers. 
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81. Introduction 


For any positive integer m, ifn = m(2m — 1), then we call such an integer n 
as hexagon-number (see reference [1]). The hexagon-numbers 1, 6, 15, 28, --- 
are closely related to the hexagons. Moreover, the hexagon-numbers are the 
partial sums of the terms in the arithmetic progression 


155,9 19 ES 


For any positive integer n, let m be the largest positive integer that satisfy the 
inequality 
m(2m — 1) € n « (m 4 1)(2m + 1). 


Now we define a(n) = m(2m — 1), and call a(n) as the hexagon-number part 


of n. In this paper, we shall use the elementary method to study the convergent 
oo 


1 
properties of the Dirichlet's series f(s) = > Si) 
as(n 
n=1 


identity for the case s = 2. That is, we shall prove the following: 


, and give an interesting 


Theorem. For any real number в > 1, the infinity series f(s) is conver- 


gent, and 
10) = Y 


n=1 





1 
= D — 41n2. 
а?(п) 3 


82. Proof of Theorem 


In this section, we shall complete the proof of Theorem. First from the 
definition of a(n) we know that there exists 


(m + 1)(2m + 1) – m(2m — 1) = 4m +1 
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solutions for the equation a(n) = m(2m — 1). So we can easy deduce that 





Thus we may conclude that f(s) is convergent if 2s — 1 > 1. That is, s > 1. 
Now we shall use the elementary method to calculate the exact value of 
f (2). Applying the above identity we have 





= 4m +1 
f(2) = > Om Is 
E el = 12 = 8 
E Qva Gs] are 
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1 S 8 
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where ((s) is the Riemann zeta-function. 
From the Taylor's expansion (see reference [2]) for In(1 + x) we know that 





Using this identity with x = 1 we may immediately get 





Th. al 
In2=1 | L2 
n 2*3 + = 
Combing all the above, and note that ¢(2) = = we may obtain 
9 2 
f(2) = 10¢(2) - 4In2 = 37 — 41n2. 


This completes the proof of Theorem. 
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f(n) is a perfect k-th power. The main purpose of this paper is using the 
elementary methods to study the mean value properties of and give an 
interesting asymptotic formula for it. 
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81. Introduction and results 


For any positive integer n, the Smarandache k-th power complements by. (n) 
is the smallest positive integer such that пб, (т) is a perfect k-th power (see 
problem 29 of [1]). Similar to the Smarandache k-th power complements, Xu 
Zhefeng in [2] defined the additive k-th power complements ар (n) as follows: 
aj, (n) is the smallest nonnegative integer such that n + az (n) is a perfect k-th 
power. 

As a generalization of [2], we will define the k-th power part residue func- 
tion f(n) as the smallest nonnegative integer such that n — fr (n) is a perfect 
k-th power. For example, if k — 2, we have the square part residue sequence 
{5(т)} (n = 1,2,...) as following: 0,1,2,0,1,2,3,4,0,1,2,3,4,5,6,0,1,2,‚... 
. Meanwhile, let p be a prime, ep(n) denotes the largest exponent of power р 
which divides n. About the relations between ep(n) and f(n), it seems that 
none had studied them before, at least we couldn’t find any reference about it. 

In this paper, we use the elementary methods to study the mean value prop- 
erties of fummi and e; ( fi (n)), and obtain two sharper asymptotic formulae 
for them. That is, we will prove the following conclusions: 


Theorem 1. For any real number x > 3, we have the asymptotic formula 


1 = 1 
5 RFI = = z*Inz + (Inz 4-4 — К+ 1)z* + O(Inz), 
k 





ns 


where y is the Euler constant. 
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Theorem 2. For any real number x > 3, we have the asymptotic formula 


Ун) = 0 +0 (ent). 


n<x 





52. Some Lemmas 


To complete the proof of the above theorems, we need following several 
Lemmas. 


Lemma 1. For any real number 2 > 1, we have 


> ep(n) = — 


n<x 





i? + O(In? хт). 


Proof. See reference [3]. 
Гетта 2. Let (n) be a nonnegative arithmetical function with h(0) = 0. 
Then, for any real number 2 > 1 we have the asymptotic formula: 


X)m Y Y M +о( > wo); 
n<x t=1 n<g(t) n<g(M) 


[2%], [x] denotes the greatest integer not 


k-1 
b 
where g(t) — 5 ч апа М 
i 
i=1 

exceeding =. 

Proof. For any real number x > 1, let M be a fixed positive integer such 
that 


M*<xz<(M +1). 
Noting that if n pass through the integers in the interval pe, (e 


f(n) pass through all integers in the interval [0, (t + 1)^ — 
deduce that 
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This proves the Lemma 2. 


Lemma 3. For any real number x > 1, we have the asymptotic formula 


1 1 
2 = +7+0(2), 
т т 


n<x 


where y is the Euler constant. 
Proof. See reference [4]. 


Lemma 4 For any real number x > 3, we have the asymptotic formula 


Y fil) = eto (e). 


n<x 
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Proof. Let h(n) = папа М = [xz], then from Lemma 2 and Euler sum- 


mation formula (see reference [4]) we obtain 


Y fln) = > nol 2v ) 





n<x t=1 n<g(t) n<g(M) 
1 еа 2 
ES k^]? js O(z?-*) 
2 
t=1 
k? 2—1 2—2 
ову VORT 


This proves Lemma 4. 


83. Proof of the theorems 


In this section, we shall complete the proof of Theorems. First we prove 
Theorem 1. Let h(n) = n and M = [2%], then from Lemma 2 and Lemma 3 


we obtain 
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In«) 


+ 
8 => 
5 
ev 
+ 
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l 
би 
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+(Ink + y)((2*] — 1) + O(n z) 


= 
= x i z*Inz- (Inz 4- y — k4- l)z* + O(Inz). 
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This completes the proof of Theorem 1. 
The proof of Theorem 2. Note that the definition of e,(n), from Lemma 1 
and Lemma 4 we have 


Sept fi(n)) 
b 

= Y M eplfe(n))+ M, e(füm) 
t=1 (t—1)* €n«t* M*<n<x 


(+1)? —t* 
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= — ((M + 1) 1) + O(In(kM* — 1)) 4 o( 


Taking M — [2%], we easily get 


>, ep(fe(n)) = a + O (= T . 


n<z р 





This completes the proof of Theorem 2. 
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interesting asymptotic formula for it. 
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81. Introduction and results 


Let m and k are two fixed positive integers with k > 2. For any positive 
integer n, we define arithmetical function bm(n) as the integer part of the m- 


th root of n. That is, b(n) = [n], where [x] denotes the greatest integer 
< x. For example, b2(1) = 1, b2(2) = 1, be(3) = 1, ba(4) = 2, (5) = 
2, ba(6) = 2, ba(7) = 2, ba(8) = 2, ba(9) = 3, +: . In reference [1], 
Professor F.Smarandache asked us to study the properties of the sequences 
(6i, (n)). About this problem, I do not know whether there exists any progress. 
But none study the mean value properties of { 0. (n)) over the k-th power free 
numbers, here we call a positive integer n as k-th power free number, if p^ tn 
for any prime р. For convenience, we let A; denotes the set of all k-th power 
free numbers. In this paper, we shall use the elementary methods to study 
the mean value properties of bm(n) over the set Ар, and give an interesting 
formula for it. That is, we shall prove the following result: 


Theorem. Let m and k are two fixed positive integers with k > 2. Then 
for any real number x > 1, we have the asymptotic formula 





Y baln) = рата + O(a), 


nír 
nEAk 


where ¢(k) is the Riemann zeta-function. 


From this theorem we may immediately deduce the following Corollaries: 
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Corollary 1. For any real number x > 1, we have the ene formula 


Уу b(n) = ааб +0 ) and Уу) b3(n) pati +0@ ). 
n<x n<x 
neAa neAa 


Corollary 2. For any real number x > 1, we have the asymptotic formula 


64 5 75 
5 b4(n) = mrt +0(1) and 5 bln) = 05 +0 (x). 


$2. Some Lemmas 


Before completing the proof of the theorem, we need the following lemmas. 
Lemma 1. Let m апа k are two fixed positive integers with k > 2. Then 
for any real number x > 1, we have the asymptotic formula 


Y nm = ón cm +0(2) and y ea ы 
neg <q 





where u(n) is the Möbius function, and Ç (k) is the Riemann zeta-function. 
Proof. Using the Euler’s summation formula (see Theorem 3.1 of [2]) we 
can easily deduce these conclusions. 
Lemma 2. Let a(n) denotes the character function of the k-th power free 
numbers (That is, if n is a k-th power free number, then a(n) = 1; if n is not 
a k-th power free number, then a(n) = 0). Then for any positive integer n, we 


have the identity 
п) = Y uld) 
d*|n 
where u(d) is the Möbius function. 
Proof. From the properties of Möbius function we know that for any posi- 


tive integer n, 
1 
Du) = |2). 
din 


Let и“ denotes the greatest k-th power divisor of n. That is, n = ибо, where 


v is a k-th power free number. It is clear that n is a k-th power free number if 
and only if u = 1. In this case, 


If u > 1, then from the above formula we have 


SX ud) = Y uld) =) u(d) -E |= 0 = a(n). 


dk |n dk|uk d|u 
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This proves Lemma 2. 


83. Proof of the theorem 


In this section, we shall complete the proof of the theorem. For any real 
number x > 1 and positive integer k > 2, from Lemma 1 and Lemma 2 and 
the definition of b, (n) we have 


= Y шда" Y (у У) ) 


dk <a t<a/d* 


1 
E m mdi = l т\т 1 
= уша en d «o((3) ) |х 5) 











d* €x dk<x 
_ Mo mn pd) a 
X ms IE tofa 1) но 
аЁ<х аЁ<х 
1 m mil. 
= m” FO (x) 


This completes the proof of Theorem. 
Now the Corollaries follows from ¢(2) = 72/6 and ¢(4) = 74/90. 
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Abstract In this paper, a reduction formula for Smarandache LCM ratio sequences SLR(5) 
is given. 


Keywords: Smarandache LCM ratio sequences; Reduction formula. 


81. Introduction 


Let (21,22, ...,24) and [x1, £2, ..., 24] denote the greatest common divisor 
and the least common multiple of any postive integers x1, £2, ..., T¿ respec- 
tively. Let r be a positive integer with r > 1. For any positive integer n, 
let 





then the sequences SLR(r) = {T(r,n)} is called Smarandache LC M ra- 
tio sequences of degree r. In reference [1], Maohua Le studied the properties 
of SL R(r), and gave two reduction formulas for SLR(3) апа SLR(4). In this 
paper, we study the calculating problem of S L R(5), and prove the following 
conclusion. 

Theorem. For any postive integer n, we have the calculating formula : 





та (т + 1)(n + 2)(n +3) n+4), ifn = 0,8 mod 12; 
mnin+ 1)(n+2)(n+3)(n+4), ifn=1,7mod 12; 
Pee marin + 1)(n+2)(n+3)(n+4), ifn = 2,6 mod 12; 
à nn +1)(n+2)(n+3)(n+4), ifn =3,5,9,11 mod 12; 
урт 1)(n+2)(n+3)(n+4), ifn = 4 mod 12; 
20n(n + 1)(n + 2)(n -3)(n4- 4), ifn = 10 mod 12. 








82. Proof of the theorem 


To complete the proof of Theorem, we need following several simple Lem- 
mas. 
Lemma 1. For any postive integer a and b, we have (а, b)|a, b] = ab. 
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Lemma 2. For any postive integer s with s < t, we have 


(ita de) = (lese) 


and 
[zi 12, ..-; zi] E [[x1, sarts; Bei, el: 


Lemma 3. For any postive integer n, we have 


T(4,n) = an(n + 1)(n + 2)(n +3), ifn = 1,2 mod 3; 
wn(n+1)(n+2)(n+3), ifn = 0 mod 3. 


NI 





The proof of Lemma 1 and Lemma 2 can be found in [3], Lemma 3 is proved 
in reference [1]. 

Now we use these Lemmas to complete the proof of our Theorem. In fact, 
for any positive integer n, from the properties of the least common multiple of 
any positive integers we know that 


in, n+1,n+2,n+3,n4+4] = [[n,n+1,n+2,n+3], n + 4] 
[n, n -- 1, n -- 2, n + 3](n +4) 
(n,n+1,n+2,n+3],n 4- 4) 














Note that [1, 2, 3, 4, 5] = 60, [1, 2, 3, 4] = 12 and 


4,  ifnz0,4 mod 12; 
1, ifnz1,3,5,7,9 mod 12; 
6, ifn=2mod 12; 
са ы ыалы а р кет 
12, ifn = 8 mod 12; 
3, ifn=11mod 12, 


Combining Lemma 3, we and easily get the theorem. 
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Abstract The main purpose of this paper is using the elementary and analytic methods to 
study the asymptotic properties of the m-th power complements sequence, and 
give several interesting asymptotic formulae for it. 
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81. Introduction and results 


For any positive integer n > 2, let bm(n) denote the m-th power comple- 
ments sequence. That is, Б, (т) denotes the smallest positive integer such that 
nb,,(n) is a complete m-th power. In problem 29 of the reference [1], Pro- 
fessor F.Smarandache asked us to study the properties of this sequence. About 
this problem, some authors had studied it before, and obtained some interesting 
results, see reference [4] and [5]. The main purpose of this paper is using the 
elementary and analytic methods to study the asymptotic properties of the m- 
th power complements sequence, and give an interesting asymptotic formula 
for it. That is, we shall prove the following: 

Theorem. For any real number x > 1 and any fixed positive integers m 
and k, we have the asymptotic formula 











1 
2 dx (din (n)) 
= а? pup pu t1) pu qa te 
m) 1l (р? — 1) Пк с ) 


* This work is supported by N.S.F. of P-R.China (10271093) 
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where ö,(n) defined as following: 
óg(n) = max(de N | din, (d,k)=1}, 


П denotes the product over all prime numbers. 


From this theorem, we may immediately get the following: 

Corollary 1. Let a(n) be the square complements sequence, then for any 
real number x > 1 and any fixed positive integer К, we have the asymptotic 
formula 


1 — За? түрі р + р? р? Su 
DETON „ll (pi — 1) IL (cese) +0089). 


n<x рік plk 





Corollary 2. Let b(n) be the cubic complements sequence, then for any 
real number x > 1 and any fixed positive integer k, we have the asymptotic 
formula 








82. Proof of the theorem 
In this section, we will complete the proof of Theorem. 


со 1 
Let s = с + it be a complex number and f(s) = >> em, Note that 
n=1 
ACTO)! < 1, so itis clear that f(s) is a Dirichlet series absolutely convergent 
for Re(s)> 1. By the Euler product formula [2] and the multiplicative property 


of б. (bm (n)) we get 


























28 $. (bm (т 
f() = Der 0 
n=1 
1 1 
> [|+ ®®@) ү RED AE, 
р p p p 
1 1 = 1 
р p p p p 
г ( | ртв—1)—1 \п( 1 | 
== : 8—1 _ ms _ m 
BEES 








= 1) П (p*71 P 1)p(m-0)(5-1 | pn 9-1) 
pmsl) = T (prs = 1) 
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s(„m(s-1) _ „(m-1)(s-1) 
<II Е (р р ) | (2) 


(ps — 1)(р""®—1) — 1) 





where ¢(s) is the Riemann zeta-function and [| denotes the product over all 
p 
prime numbers. 


From (1) and Perron’s formula [3], we have 


1 
no 














ы ER 3 
2 d b (п) v" 
1 3HT С(5 = 1) (p57! _ Гр А550 р(%—1(8—1) 
(— 2ni jn G(m(s — 1)) П | Ge ЕК ЕА) | 
p*( pms— 1) _ р("*—1)(8—1)) q? ipu he 
T - ОТО жузү ) =as+0 ( T ) (4) 


where e is any fixed positive number. 


Now we move the integral line in (2) from s — 3 + iT to s = 3 
time, the function 








- iT. This 


C(s "m 1) (pi! = 1)рт—1)(#—1) рб 06-1 
G(m(s — 1)) II | ) 


pik (pns-D—1)  (pm-1) 


p*( p 1) _ „(m-1)(s-1) 8 
р )\ т 
WG 5 








plk (ps 23 1) Xp m(s-1) — 1) 


has a simple pole point at s — 2 with residue 


„117% +1) II | pum | | (5) 


[кс plk 





Hence, we have 


5—iT HT $-HT 3-TN ((s-1) 
+ + + | TA 
3-7 5T Sir зыт J C(m(s— 1)) 


(ps! > 1)р (m-1)(s-1) | pn- 06-1 
2 lI | (pm(s— Liz 1) ; (pms = 1) (6) 


s(„m(s-1) _ „(m-1)(s-1) s 
<II Е (р р ) Edo 


(ps — 1)(р"®-—1) — 1) 


EE: peg ырс) por 
= xpjl Gam " =): M 


p|k 














50 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORY П 


We can easily get the estimate 























1 $-iT xs gate 
— : —d 8 
ih. г (8) 
1 (Т des Иик: 
oni A 5): 45 « T 5 (9) 
and 
1 ЗТ 8 
zi. | f(s)- er < porte, (10) 
5T 8 
Taking Т = x, combining (2), (4), (5), (6) and (7) we тау deduce that 
NT 1 
¿Zo Ik (b (m)) 
т? p™(p™ — р" Ln 1) | p | 
= | O qa te 
2¢(m) П (pe) П (р + 1)(p" – 1) 9 


This completes the proof of Theorem. 
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81. Introduction 


For a fixed positive integer Ё and any positive integer n, the Smarandache 
ceil function S;.(n) is defined as following: 


Si(n) = min(m € N : n|m*}. 


This function was introduced by Professor Smarandeche (see reference [1]). 
About this function, many scholars studied its properties (see reference [2] and 
[3]). In reference [2], Ibstedt presented the following property: 


(Va,b € N)(a,b) = 1 => Sy(ab) = $к(а)5к(ф). 


That is, S¿(n) is a multiplicative function. 

In this paper, we use elementary methods to study the mean value properties 
of the composite function involving d(n) and S;,(n), and give an interesting 
asymptotic formula for it. That is, we shall prove the following: 

Theorem. Let k be a given positive integer with k > 2. Then for any real 
number z > 1, we have the asymptotic formula: 


Y^ d(Si(n)) = AN (1 l ) ЧОЛО 


k k—1 
n<x р р* +p 





where С is а computable constant, and e is any fixed positive number. 
Taking k = 2 and k = 4 in Theorem 1, noting that: 
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we may immediately deduce the following: 
Corollary. For any real number x > 1, we have the asymptotic formula: 








1 1 
d(S5(n)) = zlnzx (1- )+о+0 pott) 
Las) - eme (1 ру) + 012 ott) 
Y^ ds lays ep 1 ) | Сув + О(кї+#) 
a 4 = 15 А рі + рз r C2 > 


where C1, Ca are computable constants. 

If k = 1, then function S; (n) turns into the identical transformation and the 
composite function d(Sz(n)) turns into d(n). We have the following asymp- 
totic formula: 


Y d(Si(n)) = Y d(n) = rng + (2 — 1)x+0(27), 


n<x n<x 


where ^ is the Euler's Constant. 


82. Proof of the theorem 


In this section, we shall complete the proof of the theorem. Let 


Y d(Sy(n)) 


ns 


f(s) = . 
n=1 
From the Euler product formula (see reference [5]) and the multiplicative prop- 


erty of Sy (n), we have 
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where ((s) is the Riemann zeta-function. It is obvious that 


Y d(Sy(n)) 


n? 


|d(S(n))| € n, 





o-1’ 








n=1 


where o > 1 is the real part of s. By Perron formula (see reference [4]), let 
so =0,b= ЗТ = ж, then we have 


Y 456) SOI 


ol — 2mij3-ir  C(2s) 





1 
where R(s) — П (1 - Fre) and e is any fixed positive number. 
p 


Now we calculate the term 
3 2 
12, fart Clack i 
J ешш qu 
2тї /3—{Т С(25) 8 
We move the integral line from 3 cT to i + T. Then the function 
2 k E 
CCS) e 
¢(2s) 8 
has a second order pole at s = 1 with residue 


a C (s)C(ks) ое Y 
2 С Р, шы) 


к СОСЕ и 
u io (( 1) С(25) A ) 8 





ds. 























205 8 sz?lnz — x? 
He | 

|. 6¢(k)a In(z) 1 | 
зар ж 


where С is a computable constant. So we can obtain 


1 34iT i-HiT lr зат C(syc(s) P 
2ті as B DE m | C(2s) R(s) " ds 
6¢(k)x1 1 
E П (1 i coe) + Cr. 


р р 
Taking T = x, we have the estimate 


Lf pat E O ща 
Oni Ua u | C(2s) R(s) E ds 


3 
qa te 














1 
ate 
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and Й А 
1 5 AT k 8 
sof 6 (806 5) n(s)2 ds| << 22+, 
2тї лыт С(28) s 
So we may immediately get the asymptotic formula 





Y 4549) = SER Т] (1 


2 k 
n<x T р p" +p 
This completes the proof of Theorem. 
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Abstract Let n and k are any two positive integers, $к(т) denotes the largest positive 
integer x satisfying a*|n. The main purpose of this paper is using the elemen- 
tary methods to study the mean value properties of the arithmetical function 
d(S, (n)), where d(n) is the Dirichlet divisor function, and give an interesting 
asymptotic formula for it. 
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81. Introduction and results 


Let k be a fixed positive integer. For any positive integer n, the Smarandache 
ceil function of order k is denoted by 5; (n) and has the following definition: 


5ь(п) = min(z € №: n|z^). 


This arithmetical function is a multiplicative function, and has many interesting 
properties, so it had be studied by many people, see reference [2]. Now we 
introduce a dual function of 5; (n) as follows: 


(п) = max(z € N : x^|n). 


It is clear that 5; (т) is also a multiplicative function, but about its arithmetical 
properties, we know very little at present. In this paper, we use the elementary 
methods to study the mean value properties of d(Sy(n)), where d(n) is the 
Dirichlet divisor function, and obtain a sharper asymptotic formula for it. That 
is, we will prove the following: 


Theorem. Let k > 2 be a fixed integer. Then for апу real number x > 1, we 
have the asymptotic formula 

Уу d(S1(n)) = zInz + (2y - 1)z - O (23) 

n<x 


and 


Dan) = ct) c(z) 2 +0 (er). 


n<x 
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where y is the Euler constant, and C(n) is the Riemann zeta-function. 
From this Theorem we may immediately deduce the following 
Corollary 1. For any real number x > 1, we have the asymptotic formula 
2 

T" 1 

5 d(S2(n)) = Tet E (5) 2340 (23) : 
6 2 

n<x 
Corollary 2. For any real number x > 1, we have the asymptotic formula 


Y 4i) = Tac (i)e +0 (23). 


n<x 


82. Proof of the theorem 


In this section, we will give the proof of the theorem. The following Lemma 
is necessary. 


Lemma. If x > 1 and s > 0, s Z 1, we have 





where 





1 oo t — [t] 
((s) =1+=3=9] i dt. 


Proof. This Lemma can be easily proved by using the Euler summation for- 
mula, see Theorem 3.2(b) of [3]. 

Now we come to the proof of the theorem. It is obvious that 5; (n) = n, and 
this deduces the first part of the theorem immediately by the classical result on 
Dirichlet divisor problem, see reference [4]. Now assume k > 2, we have 


> 4($(п))= У; 5,1 


nse nz 5, (п) 


from the definition of 5), (т) we know that |5). (т) = d*|n, hence 


Ув: у) 1= NE cu 


n<x n<z gk |n dkI<x 


Let 6 = gr, applying the above formula and Theorem 3.17 of [3] we have 


› d(S;(n)) = Y 1 


ncc dkl<zx 
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= DD PON = уо ж 


1<4®<6® 1<1<x/d* 1<1<6 1<d*<x/1 1<dk<ők 1<I<6 
xo D dep» al 
1<d<6 1<I<x/dk 1<1<6 1<48<2/1 
1/k 
= EL HE DE (7) [O 
1<4<6 1<1<6 





Using the above Lemma we get 


> 4(5(п)) 
= oz Y ¿+ y чук +96) (8? + O(6)) 
1«d«ó 1<1<6 














Г i 
= a -c(x) = 8? + O(8) 





This completes the proof of Theorem. 
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Abstract In this paper, some elementary methods are used to study the properties of the 
largest m-th power not exceeding n, and give an identity about it. 
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81. Introduction and results 


Let n is a positive integer. It is clear that there exists an integer k such that 
К" «€ n « (k 4- 1)”. 


Now we define bm(n) = k'”. That is, bm (n) is the largest m-th power not ex- 
ceeding n. In problems 40 and 41 of reference [1], Professor F.Smarandache 
asked us to study the properties of the sequences {ba(n)} and {b3(n)}. About 
these problems, some people had studied them, and obtained some interest- 
ing results, see references [2] and [3]. In this paper, we using the elemen- 
tary methods to study the convergent properties of the Dirichlet series f(s) — 
oo 
1 


5 eG and give an interesting identity. That is, we shall prove the fol- 
n=1 9m IM 


lowing: 


Theorem. Let m be a fixed positive integer. Then for any real number 
s > 1, the Dirichlet series f(s) is convergent and 


f(s) = CLC(ms-m-1)- C2, C(ms—m-42)4-- C5  C(ms—-1)--C(ms), 


! 
ACER 
From this theorem we may immediately deduce the following: 


where C}, = and С(в) is the Riemann zeta-function. 


*This work is supported by N.S.F. of PR.China(10271093) and the Education Department Foundation of 
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Corollary 1. Taking m = 2 and s = 3/2 or m = s = 2 in the above 
Theorem, then we have the identities 


1 2 4 


= a у S Lad 





Corollary 2. Taking m = 3 and s = 2 or m = 2 and s = 3 in the above 
theorem, we have the identities 





82. Proof of the theorem 


In this section, we shall complete the proof of the theorem. For any positive 
integer n, let b(n) = К". It is clear that there are exactly (k + 1)" — К" 
integer n such that b, (n) = К". So we may get 








2. р (kr 1) km 
f(s) PS 5 8 E x: ms 
n=1 bin ) k=1 К 
_ Y nk HOT +++ OR 
= kms S 


From the integral criterion, we know that f(s) is convergent if ms— (m— 1) > 
оо 


1 
1. That is, 1. If 1, note that = —, weh 
at is, s > s > 1, note that ((s) In we have 
f(s) = CLC(ms т+1) + C2€(ms — m +2) +--- +07 1C(ms — 1) + C(ms). 





This completes the proof of Theorem. 
It’s easy to compute that 


f) = Chem +1) + CÀC(m- 2) ++ C271 C(2m — 1) + ¢(2m), 
/(3) = Cy¢(2m +1) + CCm + 2) +: +С 16(3т — 1) + C(3m). 
Now the corollaries follows from С(2) = 1?/6, ¢(4) = 74/90, C(6) = 
n /945 (see reference [4]) and the above theorem. 
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Abstract The main purpose of this paper is to study the arithmetical properties of the 
Smarandache back concatenated odd sequences, and give several simple proper- 
ties involving the recursion formula and exact expressions for the general term. 
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81. Introduction and main results 


The famous Smarandache back concatenated odd sequence {bpn } is defined 
as following 1, 31, 531,7531,97531,1197531, 131197531, 15131197531, 
1715131197531, ---. In problem 3 of reference [1], Professor Mihaly Bencze 
and Lucian Tutescu asked us to study the arithmetical properties about this se- 
quence. It is interesting for us to study this problem. But it's a pity that none 
had studied it before. At least we haven't seen such a paper yet. In this paper, 
we shall use the elementary methods to study the arithmetical properties of the 
Smarandache back concatenated odd sequences, and give several simple prop- 
erties involving the recursion formula, exact expressions for the general term, 
and so on. That is, we shall prove the following: 


Theorem 1. Let n > 2 be any positive integer with (2n — 3) has k digits. 
Then for the Smarandache back concatenated odd sequences {bn}, we have 
the following recursion formula 





ЕҢ? 
bn = b, 1 + (2n — 1) x 10 38 (MD, 


where b, = 1. 
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Theorem 2. Let (2n — 3) has k digits. Then the b„_ı-th term in the 
Smarandache back concatenated odd sequences {b„} has 10- 10^ Fkx(n—1) 
digits. 





n 


Theorem 3. Let Si(mmn) = > (2 — 1) x 10Ё@—1), then we have the 


=m 
following exact expression for the general term. That is, 


—(k-1) 


rs 
bn = 1+81(2,6 +107? x $5(7,51) 4107 x S3(52,501) +: iQ X Sk(m,n): 


Theorem 4. Let Szo denotes the summation for the first 50 terms in the 
Smarandache back concatenated odd sequences {bn}, then we have 


11 x 45 x 106 — 201 x 50 —81 x 106 + 970 











S50 = 9 | 92 
—4x10°+4x100 99 х 10% — 13 x 44 x 107 
93 | 99 
95x 10% + 73 х 109 —4 x 10% +4 x 10H 
| 992 ш 993 


$2. Some lemmas 


Lemma 1. Let Е, т, п are positive integers with m < n, then we have 


(2m — 1) х 108—1) OME d= 1090 7m. (2n — 1) x 10%” 
Эт) = 1 — 10% He za * ЖЕЙ БҮТ 





Proof. From the definition of Spm), we have 


n 


Sims) = (241) x 105670 


i—m 
= (2m -1) x 10*("—D + (2m + 1) x 10** 
+ + (2n — 1) x 104079 


and 
10% Skim) = (2m—1) x 10%” + (2m+1) x 10 0*0 +.. -+ (2n—1) x 10%, 
Thus we can get 


(1-10) Signy = (2m — 1) x 1080-9 4.9 x [ок + 10000) 
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+++ doe DE (2n — 1) x 10%” 
105" — 10#®—)] 
1 — 10% 





= (2n—1)x 10%") +2 x 
—(2п — 1) x 10%”. 


So we have 


Р _ (2m - 1) x 100-0. " 10*"[1 — 1040] (2n — 1) x 10*" 
LE 1 — 10% | (1—10*)2  " 1-10( ^" 





This proves Lemma 1. 


TL 
Lemma 2. Let ae = 5 i? x 107“. Then for any positive integers 
i=m 
k,m,n, we have 


mx 107 (2m +1) x 1074xm) 











Simm) 7 Tor + (1 = 10-52 
ER ТОМ ЕО] 
(1 — 10—®)3 
(2n — 1) xcd PA) „2 x 1р—К(@т+1) 
(1 — 10-5)? 11075 
Proof. From the definition of Shim, ny We have 


S iun) 


and 
a he [m + (n os m)]? x 10-7 Rm (7m) 
Thus we can get 


(1-10 9), mn) 

= m? x 10-99. (2m + 1) 10M). + (2m + 3) x10 02) 
+ Fo ime (n — | 1} x ee 
—[т + (n — т)]? x19 ee, 
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So we have 
d кх? 

; m? x 10-5m p» 1) 59 n2 x 10-&(Q-1) 
km) ^ T107% 1—10-* ae 

. au x10 "9. (2m+1) x 10 KO) 

o 1-10-* (1 — 10-5)? 

10—Ёбт+2)[1 = ТОР а 
+2 х 
(1 — 10-%)3 
(2n Еи 1) х 1074x (+1) n2 x 10- Q1) 
(1 — 10-5)? 1 — 107% 


This proves Lemma 2. 


n 
Lemma 3. Let D = 5 i x 107, Then for any positive integers 
=m 
k,m,n, we have 
©” m2 x 10-8" 10H = 10—Ё(@—т)] nx 19*(m+1) 
kn У Т (1 — 10-#)2 (1 —10-*) 





Proof. From the definition of S P m,n) We have 


a TEI Ge TU SPEM 
Te + [m + (n - m)] x 107 mt m) 
and 
10 Se ROT Ж Dodo Me» 


Ecce [m + (n — т)] x 107 Meet erm HT 


Thus we can get 





(1-107 594,,, = mx10 "4 10-01) 2... 197 kim+(m-m)] 
-|m + (n — m)] x 10-5 mor. 
So we have 
gu mx 19m = 10017 1 jg Bem) n x 10-0 
E o (1 — 10-52 (1—10=®) 


This proves Lemma 3. 
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83. Proof of the theorems 


In this section, we shall use the above lemmas to complete the proof of the 
theorems. First we use mathematical induction to prove Theorem 1. 

(1) If n = 2, 3, it is obvious that Theorem 1 is true. 

(11) Assuming that Theorem 1 is true for n = m. That is, the following 
recursion formula 





10% 
bm = bm—1 + (2m — 1) x 10° w +Ё%(т-1) 


is true for the Smarandache back concatenated odd sequence {bp }. 
Comparing the difference between bm and b,,-1, we know that bm—1 has 
1b 102 + k x (m — 1) digits. If n = m + 1, we can divide it into two cases: 
(1) If 2m — 1 still has Ё digits, then we know that b,, has [10—10* +kx 
(m — 1) + k] digits. Comparing the difference between bm+1 and bm, we may 
immediately deduce that 





bm+1 — bm e 0 +kx (m—1)4 k 
2m + 1 
That is, 


10—10Ё 


bi = bm + (2m + 1) RIOS – Ата, 





(ii) If 2m — 1 has k + 1 digits, then we know that bm has [0-46 +kx 
(m — 1) + k + 1 digits. Recall that (2m — 3) has k digits and (2m — 1) has 
k 4- 1 digits, which exist only in the case that 


2m — 3 = 10* — 1,2m — 1 = 10* +1. 


That is, m = 2 + 1. Therefore, we have 





10 — 10* 10 — 10* 10^ 
Se тшше —1 1) = | 1 
18 +kx(m—1)4+(k+1) is k x 5 +(k+1) 
10 — 104+! 
= = = +(k+1)xm 


Comparing the difference between bm+1 and bm, we can deduce that 





Om+t dm _ 0 +kx(m-1)+(k+1) 
2m + 1 


That is, 


nk+1 
10° 18 (xm 


_ank+l 
Bratt = bm + (2m + 1) x 107738 trm, 
Combining (i) and (ii), Theorem 1 is true for any positive integer n. This 
completes the proof of Theorem 1. 
By using the result of Theorem 1, and note that the difference between bn 
and b„_ı, we can immediately get the result of Theorem 2. 


68 


RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER ТНЕОКҮ П 


By Theorem 1, when (2n — 3) has k digits, let (2m — 3) be the least positive 
integer which has k odd digits (here m = 2 when k = 1, and т = = +2). 
Then we have 


bn 





B 
О Ос лаш а. 


ST 
x ifs +1x (3—1) 





+(2x 3-1 


10—101 





+(2x 4-1 


10—101 











( ) 
( ) 
(об) 
4(2 x 8 — 1) x 10 r tx- 





DE 
+ (2x 51— 1) x 10:87 €2x (81-1) 





3103 
+(2 x 52 — 1) x 105187 +8х(52—1) 











_ 1923 
+(2 x 53 — 1) x 10° 1 +3x(83-1) 





ich 
po (2x m- 1) x 10° 1 +ЁЮ‹(т-1) 


10—10* 
1 





Tec (2xn-1)x10 


10—102 10—10? 
+10 18 X 5207,51) + 10 18 X 53(52,501) 











10—10* 
+ +10 38 x Dna) 
10—101 10—102 
+1+ 10 18 x S1(26) 410 1 x S2751) + 10 
10—10* 
+..-+107 35 x Sk(m,n) 


= 1+ Sige) + 107? x So(7,51) + 107% х $352,501) 


—(k-1) 


rn 


Applying the result of Lemma 1, we can deduce Theorem 3. 
Now we come to prove Theorem 4. By using the result of Theorem 1, we 


have 


S50 


by + b2 + b3 +--+ + bag + бо 
mu 
504-49 x (2x 2—1) x 10078 +1*@-1) 








ned 
448 x (2x 3 — 1) x 101 —1XG-D 


1 
10—10 
x 10 18 +1x (4-1) 





+47x(2x4-1 


_apl 
g 102522 41x(5—1) 








_4nl 
T 10 2382 +1x (6-1) 





) 

( ) 

+46 x (2 x 5-1) 
( ) 


+45 x(2x6-— 1 


Kd mm +1x(6—-1) 4 (2 x 7 = 1) x 10 








NE 
тб a ОЧА үө Бето ла OD) 





10-102 | 
18 





+2 (7-1) 


3 kx (n—1) +1+ DED х 510,6) 


10-103 
18 X 530502 501) 
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жд 
+44 х (2 xT7— 1) Tut +2x (7-1) 








ед 
+43 х (2 x 8-1) “Fg +2x (8-1) 








_102 
Pubs (O48 = 1) 108. 72080) 


2 
+2 x (2 x 49 — 1) 740 42x (49-1) 








_ 192 
+1 x (2 x 50 — 1) TE 42x (50-1) 








a 
= 50 х [2x (51-50) — 1] x 10° 1 +1x(50-50) 





+49 x [2 x (51 — 49) — 1] x 10° 1s 10" +1 (50-49) 





+48 x [2 x (51 — 48) — 1] x 10° 10! 11x (5048) 








_apl 
+47 x [2 x (50 — 47) — 1] x 107718 1 (60-47) 





445 x [ x (51-45) = 1] x 10% 0% +1x(51-45) 











+44 x [2 x (50 — 44) — 1] x 10 35 +2x(50-44) 





+...+2x [2 x (51-2) — Ded 010° [3x (50-2) 





+1x[2x (51-1)-1]x 10” 10° +2x(50-1) 


10— 105 








= 101 x [50 x 10 +1х50—1х50 | 49 x 10% 1 +1х50—1х49 


dedo ДБ 10 +1x50-1x45 








2 
+44 x 10" 18 +2x50-2x44 








2 
sheets fe De 1018 +2x50-2x2 





+1 x OA 10° (2x50— 2x1] 





—2 x [50? x 10 10-107 4 1x50-1x50 


+1х50—1х49 





+49? x 102919 
4-4452 x 1077 


10—102 
+442 x 10° ts +2%50—2х44 


01 
+1х50—1х45 




















аф ER 102 0 12x50-2x2 
2 10 2 +2x50- 2x1] 
zm 10—101 
= 10155 Уу Pu LL 
1=45 
44 





: 10—102 оу 50. 2x 
+101 x Six 10% i 


i=1 
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20 10—101 ; 
—9 x 5 i? x 10 18 +1х50—1х? 
i=45 





= -2 10—102 | 9 50—2xi 
2 x M i x10 1 
1=1 





50 44 
= 101x105 x X` ix 107 +101 x 10% x X` ix 1077 


1=45 ї=1 
50 : 44 i 
—2 x 105° x $ i? x 10% — 2 x 10% x $01? x 1072, 
1=45 i=1 


Applying the results of Lemma 2 and Lemma 3, we can get 


11 x 45 x 10° — 201 x 50 + —81 x 108 + 970 











S509 = 9 | 92 
—4 x 106 + 4 x 100 99 x 10% — 13 x 44 x 107 
93 | 99 
95x 10% +73 х 10? -4x 10% +4x 10H 
| 992 E 993 


This completes the proof of Theorem 4. 
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Abstract In this paper, similar to the Smarandache k-th power complements, we defined 
the hexagon numbers complements. Using the elementary method, we studied 
the mean value properties of the additive hexagon numbers complements, and 
obtained some interesting asymptotic formulae for it. 
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81. Introduction and results 


Let n be a positive integer. If there exists a positive integer m such that 
n = m(2m — 1), then we call n as a hexagon number. For any positive integer 
n, the Smarandache k-th power complements bz. (n) is the smallest positive in- 
teger such that nbi (n) is complete k-th power, see problem 29 of [1]. Similar 
to the Smarandache k-th power complements, we define the additive hexagon 
numbers complements a(n) as follows: a(n) is the smallest nonnegative inte- 
ger such that a(n) + n is a hexagon number. For example, if n = 1,2,--- 15, 
we have the additive hexagon number sequences (a(n)) (n = 1,2,---15) as 
follows: 0,4,3,2,1,0,8,7,6,5,4,3,2,1,0. In this paper, we study the mean 
value properties of the composite arithmetic function d(a(n)) (where d(n) is 
the Dirichlet divisor function), and give some interesting asymptotic formulae 
for it. That is, we shall prove the following conclusions: 


Theorem 1. For any real number x > 3, we have the asymptotic formula: 


5 a(n) = 2724 + O(z). 


fts 


Theorem 2. For any real number x > 3, we have the asymptotic formula: 


win 


Y^ d(a(n)) = yrlogz + (51082 жуа) 5) 0), 


n<x 
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where ^y is the Euler constant. 


$2. Some Lemmas 


Before the proof of the theorems, some Lemmas will be useful. 
Lemma 1. For any real number x > 3, we have the asymptotic formula: 


5 d(x) = zlng + (2y — 1): +0 (23) х 


where ^y is the Euler constant. 

Proof. See reference [2]. 

Lemma 2. For any real number x > 3 and any nonnegative arithmetical 
function f (n) with f (0) = 0, we have the asymptotic formula: 


-. 00| Уе о |а 


n<x m=1 i<4m | H 


where |x] denotes the greatest integer less than or equal to x. 
Proof. For any real number x > 1, let M be a fixed positive integer such 
that 
M(QM-1)<zx<(M+1)QM+1). 


Noting that if n pass through the integers in the interval 
[m(2m — 1), (m + 1)(2т + 1)), 


then a(n) pass through the integers in the interval [0, 4m] and f(0) = 0, we 
can write 


> fan) = У;  faln))+ Y,  f(am) 


n<x n<M(2M-1) M(2M-1)<n<x 


> у лоно = 10), 


m=1i<4m i<a—M(2M-1 


Since x — M(2M — 1) < (М +1)(2М +1) – M(2M - 1) = 4M +1 and 
1 
M= >|. we have 
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This proves Lemma 2. 
Note: This Lemma is very useful. Because if we have the mean value 
formula of f(n), then from this Lemma, we can easily get the mean value 


formula of 5 f (a(n)). 


n<x 


83. Proof of the theorems 


In this section, we will complete the proof of the theorems. First, we prove 
Theorem 1. From the definition of a(n), and the Euler summation formula (see 
[3]), we have 


7 
2 
9 
Il 
[7] 
2 
9 
+ 


5 a(n) 


n<x n<M(2M-1) M(2M-1)<n<x 


-Z5 Xo: 


m-liX4m _ ixz—-M(2M-1) 








= щт +0 (E^) 
m=1 3 

a $ M(M + 1)(2M + 1) + OM?) 
2/2 s 

= 3 x2 + О(х). 


This proves Theorem 1. 
Now we prove Theorem 2. From Lemma 2, Lemma 1 and the Abel’s identity 
(see [3]), we have 


> d(a(n)) 
м 

RDA ноу 40) 
m=1 ¿¡<4m i<4M 


FEN 


= y Am log 4m + (27 — 1)4m + O ((4m)3)) 
m=1 
+0 (4M log 4M + (2y —- 1)4M + O (am):)) 
= (8log2+4(2y-1)) У; m+4), mlogm 


m<M m<M 
+0 | y má) + O (4M log 4M) 


m<M 


= (81og2--4(24 — 1)) (que ан oan) 
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+4 (5M log M м? 1) 4 O(M log M)) +0(M3) 


= 2M?log M + (4log2 + 2(2y — 1) – 1)M? + O(M3) 


1 3 1 
921082 + (5 log 2 + (2y – 1) — 5) 2+0(23). 
This completes the proof of the theorems. 
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Abstract The main purpose of this paper is using the elementary methods to study the 
mean value properties of a new arithmetical function c (S (n)), and give an in- 
teresting mean value formula for it. 


Keywords: Smarandache function; Mean value; Asymptotic formula. 


81. Introduction and results 


For any positive integer n, the Smarandache function S(n) is defined as 
follows: 


S(n) = min(m € N : n|m!). 


This function was introduced by American-Romanian number theorist Profes- 
sor F.Smarandache, see reference [1]. About its arithmetical properties, many 
scholars had studied it, and obtained some interesting conclusions, see refer- 
ence [2] and [3]. 

In this paper, we shall use the elementary methods to study the mean value 
properties of a new arithmetical function o(S(n)), where o(n) = 5 d, and 

ат 

give an interesting mean value formula for it. That is, we shall dove the fol- 
lowing: 


Theorem. For any real number x > 3, we have the asymptotic formula 
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52. Some simple lemmas 


To complete the proof of Theorem, we need some simple Lemmas. For 
convenience, we denotes the greatest prime divisor of n by p(n). Then we 
have 


Lemma 1. /fn is a square free number or p(n) > yn, then S(n) = p(n). 
Proof. If n be a square-free number, let n = pipa: --pp(n), then p; < 
p(n) for i = 1,2,---,r. Thus 
pilp(n)!, 421,2, 


So n|p(n)! , but p(n)t(p(n) — 1)! and nj(p(n) — 1)!. In this case, we have 
S(n) = p(n); 
If p(n) > yn, then p?(n)tn. Let n = pt" p9? --- p@rp(n), so we have 


pt py? pp" < ут < p(n). 


It is clear that 
p; |p(n)!, 1 = 152,59 T: 
So n|(p(n))!, but p(n)t(p(n) — 1), in this case, we can also deduce that 
S(n) = p(n). 
This proves Lemma 1. 
Lemma 2. Let p be a prime, then we have the asymptotic formula 
2 2 
x x 
2 pol; 2 ) 
ya<p<zx noy 


Proof. Let (x) denotes the number of the primes up to x. Noting that (see 


[4]) 
x x 
may lng ` 2 (=) ; 


from the Abel’s summation formula [5], we have 


Уу р 


М®<р<х 





n(z)r — n(V/z)V/z — n(t)dt 
VE 
x? x? x? 
© Ing 2х. o (e) 


x? x? 
~ 2]ng ne (2) ` 





This proves Lemma 2. 
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83. Proof of the theorem 


In this section, we shall complete the proof of Theorem. First we define the 
sets A and B as following: 


A = {п|п € т,р(т) < vn} and B= {nln < z,p(n) > Jn). 


Note that S(n) << p(n) In n and o(n) < пш ап, we have the estimate 


Y 0(S(n)) < У? S(n)InIn(S(n)) 


neA neA 
< У) упшпш шп «22 InzlnInz. (1) 
n<x 


Then using the above Lemmas we may immediately get 


> о(5(п)) = Y, о(р(п)) = У; >; o) 





neB nsx п<ут /п<р< * 
p(n)>yn 
= 5 p» ооу 5 ] 
n< ya aps ® n< 8 Vn<p<V® 
x? x? 3 
= Y + MN 5 +0Ola?lna) 
21р 2 21n E 
Кое к, Ine келе 2n Inc 
2 2 2 
Mid T o( = ) (2) 
121nx In‘ x 


Combining (1) and (2) we obtain 


> o(S(n)) = Y (8(п)) +) o(S(n)) 


nír ncA ncB 


2 „2 2 
_ Pa © | 
12lnzx In^z 


This completes the proof of Theorem. 
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Abstract The main purpose of this paper is using the elementary methods to study the con- 
vergent properties of a new Dirichlet's series involving the triangular numbers, 
and give an interesting identity for it. 


Keywords:  Dirichlet’s series; Convergence; Identity. 


81. Introduction and results 


For any positive integer m, it is clear that m(m + 1)/2 is a positive inte- 
ger, and we call it as the triangular number, because there are close relations 
between these numbers and the geometry. Now for any positive integer n, we 
define arithmetical function c(n) as follows: 


c(n) = max (m(m + 1)/2 : m(m+1)/2< n, me N}. 


That is, c(n) is the greatest triangular number < n. From the definition of 
c(n) we can easily deduce that c(1) = 1, c(2) = 1, c(3) = 3, c(4) = 3, 
c(5) = 3, c(6) = 6, c(7) = 6, с(8) = 6, c(9) = 6, c(10) = 10, ------ . About 
this function, it seems that none had studied it before, even we do not know 
its arithmetical properties. In this paper, we introduce a new Dirichlet's series 
f (s) involving the sequences {c(n)}, i.e., 





EO 
f(s) m 2, cs(n)' 


Then we using the elementary methods to study the convergent properties of 
f (s), and obtain an interesting identity. That is, we shall prove the following 
result: 


Theorem Let s be any positive real number. Then the Dirichlet’s series 


f (s) is convergent if and only if s > 1. Especially for в = 2, З and 4, we have 
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the identities: 











m cd Qn? 

> e(n) mg m 

оо 1 Е Р 

2, S 8¢(3) — 4x? + 32; 

= 1 _ т“ 5 | 

2. um зр 48¢(3) + — n? — 384; 
4 

6/(3)-- f(4) = I +82 — 19. 


where ¢(k) is the Riemann zeta-function. 


82. Proof of the theorem 


In this section, we will complete the proof of the theorem. It is easy to see 
that if ae) <тп< шаа ДИ then c(n) = BE), So the same num- 


bers тле repeated me) ш 


{c(n)}. Hence, we can write 


¡ey 





= m + 1 times in the sequences 





It is clear that f(s) is convergent if s > 1, divergent if s < 1. Specially if 
s = 2, we can write 
= 1 


Оа Pr) 


m=1 


ОНЕ 1 1 
43 (s a) 
m=1 


AC(2) — 4. 





Using the same method, we can also obtain 
FB) = 8668) — 2462) + 32; 
f(4) = 16¢(4) — 48¢(3) + 320¢(2) — 384. 


Now the theorem follows from the identities (see reference [2]) С(2) = 17/6 
and ¢(4) = 7*/90. This complete the proof of the theorem. 
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Note: In fact, for any positive integer s > 2, using our methods we can 
express f(s) as the Riemann zeta-function. 
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Abstract The main purpose of this paper is to study the mean value properties of the 
second class pseudo-multiples of 5 sequences, and give an interesting asymptotic 
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Keywords: Second class pseudo-multiples of 5 sequences; Mean value; Asymptotic for- 
mula. 


81. Introduction and results 


A positive integer is called pseudo-multiple of 5 if some permutation of 
its digits is a multiple of 5, including the identity permutation. In reference 
[1], Professor F.Smarandache asked us to study the properties of the pseudo- 
multiple of 5 sequences. About this problem, Wang Xiaoying [2] had studied 
it, and obtained some interesting results. Now, we define the second class 
pseudo-multiples of 5 numbers as following: 

A positive integer is called the second class pseudo-multiple of 5 if it is not 
a multiple of 5, but its some permutation of its digits is a multiple of 5. 

For convenience, let A denotes the set of all pseudo-multiple of 5 sequences, 
and Б denotes the set of all second class pseudo-multiple of 5 sequences. 

In this paper, we shall use the elementary methods to study the mean value 
properties of the second class pseudo-multiple of 5 sequences, and obtain an 
interesting asymptotic formula for it. That is, we shall prove the following: 


Theorem. For any real number x > 1, we have the asymptotic formula 








16 In 5 n 
У d(n) s (mz + 2y—14 E ) | O (210+), 


where d(n) is the Dirichlet's divisor function, y is the Euler constant, and = 
denotes any fixed positive number. 
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$2. Some Lemmas 


To complete the proof of the above Theorem, we need the following two 


Lemmas: 
Lemma 1. Let q be a fixed prime or q — 1. Then for any real number 


x > 1, we have the asymptotic formula 


Е 1 Ing oe 
Y dan) = (2-2) z (Ine +24 14,5) -O (a? Js 


nc 





where y is the Euler constant, and e denotes any fixed positive number. 
Proof. If q = 1, then from Theorem 3.3 of [3] we know that Lemma 1 is 
v^ d(qn) 


correct. Now for any prime q and real number s > 1, let f(s) = >> = 
n 





Note that d(n) is a multiplicative function, so by the Euler product formula [3] 
we have 




















d(p) , d(p?) d(p") 
x JI (1+ p ot y e EM 





(p,q)=1 

1 1 1\2? 
кос PS 

s (lx) 


Then from this identity and the Perron's formula [4] we may immediately 
deduce the asymptotic formula 


У d(qn) = (2-1)(юкг F2y 1472) | O (22). 


n<zx 





This completes the proof of Lemma 1. 
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Lemma 2. For any real number x > 1, we have the asymptotic formula 


5 d(n) = zln z + (2y — 1)z + O (zw) З 

neA 

n<z 

Proof. For any real number x > 1, it is clear that there exists a nonnegative 

integer Ё such that 10% < x < 10**!, Thatis, k < logz < k +1. According 
to the definition of A we know that the largest number of digits (< x) not in 
A is 8"+1, In fact, there are 8 one digit, they are 1, 2, 3, 4, 6, 7,8,9; There are 
82 two digits ; ------ ; The number of k digits are 8“. Since 


we have 








Y 1<8+8°+8%+...-+8* < 


ngA 


n<a 





Note that d(n) << n* and $ > 1, applying Lemma 1 with q = 1 we have 


In 10 
5 din = Уу d(n) — > d(n) 
neA n<x ngA 


= У d(n)+0 Nie 


nsa ngA 
n<a 
= > d(n) +0 (210+) 
n<x 


= ging +0y=1)5+0 (290+) . 
This proves Lemma 2. 


83. Proof of the theorem 


In this section, we complete the proof of Theorem. From the definition of 
set A and set B, we know the relationship between them: A — B- (multiples 
of 5). Combining the above Lemmas we may immediately get 


5 din]. = 5 d(n) — 5 d(5n) 


neB neA IN<T 


nír n<z 


= glnx+(2y-1)4+0O (smi) 





9 In5 
-x (Ine In5+2y-1+ 5 ) 


16 Ind п 
= gee (ine +2y-1+ =") +0 (жию). 
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This completes the proof of Theorem. 

Notes: In fact, we may use the similar method to study other arithmetical 
functions on the pseudo-multiples of 5 sequences and the second class pseudo- 
multiples of 5 sequences. 
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Abstract In this paper, we using the elementary methods to study the convergent prop- 
erties of one class Dirichlet series involving a special sequences, and give an 
interesting identity for it. 


Keywords: Convergent property; Dirichlet series; Identity. 


81. Introduction and results 


For any positive integer n and m > 2, we define the m-th power comple- 
ment b,,(n) is the smallest positive integer such that nb,,(n) is a complete 
m-th power, see problem 29 of [1]. Now for any positive integer k, we also 
define an arithmetic function à; (n) as follows: 

Senn { maxíde N | din,(d,k)=1}, if nO, 
0, if n=0. 


Let A denotes the set of all positive integers n such that the equation 6,(n) = 
b, (n). That is, A = {n : n € N, óg(n) = bm(n)}. In this paper, we using the 
elementary methods to study the convergent properties of the Dirichlet series 
involving the set A, and give an interesting identity for it. That is, we shall 
prove the following conclusion: 


Theorem. Let m be a positive even number. Then for any real number 
s > land positive integer k, we have the identity: 





where G(s) is the Riemann zeta-function, and | | denotes the product over all 
р 
primes. 


From this Theorem we may immediately deduce the following corollaries: 
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Corollary 1. Let В = {n : n € М,бк(т) = ba(n)}, then we have 





Y Dn 15Т] р 
aum T e TD- 1) 
neB 





Y 1 Y 1 105 p” 
n=1 n? n=1 ni тї plk (p? E 1)(p* Zu 1) 
nel neB 


Corollary 3. Let C = (n:n € N,6ö,(n) = (п) }, then we have 


Y 1 675675 1 П pl? 
n? 691 пб s (pl? — 1)(p$ — 1)' 





n=1 
nec 


82. Proof of the theorem 


In this section, we will complete the proof of the theorem. For any real 
number s > 0, it is clear that 


oo oo 
and 5 a is convergent if s > 1, thus 5 Z is also convergent if s > 1. 
n=1 n=1 
neA 
Now we find the set A. Let n = рӯ! р? --- p?* denotes the factorization of n 
into prime powers. First from the definitions of о. (т) апа b,,(n) we konw that 
бь(т) and b,,(n) both are multiplicative functions. So in order to find A, we 
only discuss the problem in case п = p“. If n = р“ and (р, k) = 1, then we 
have oj (p?) = р; bm(p%) = pr, if 1 < a € m; b, (p?) = р" "11-0, if 
a > m and a 4 m; bm(p*) = 1, if a = rm, where т is any positive integer, 
and [x] denotes the greatest integer < x. So in this case 0(p*%) = bm(p*) if 
and only if a = %. 
If n = p? and (p, k) Z 1, then ó&(p^) = 1, so in this case the equation 
бк(р°) = bm(p“) has solution if and only if n = p", r = 0,1,2,---. Now 
from the Euler product formula (see [2]) and the definition of A, we have 


| 1 | 1 | 1 
П 14 © pims "ym TU 
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=1 
1 1 1 
M5) TE (s) 
| А ае т gk pat 
с (25) pams 


Ств) p (pms — 1) (p2™ +1) 








where ¢(s) is the Riemann zeta-function, and [[ denotes the product over all 
p 
primes. 


This completes the proof of Theorem. 
The Corollaries follows from С(2) = т?/6, ¢(4) = 74/90, ¢(6) = 15/945, 
лё 
С(8) = 15/9450 and С(12) = sr: 
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Abstract For any primes p and q with (p, q) = 1, the arithmetical function ej; (n) defined 
as the largest exponent of power pq which divides n. In this paper, we use 
the elementary methods to study the mean value properties of epą (n) acting on 
the perfect k-th power number sequences, and give an interesting asymptotic 
formula for it. 
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81. Introduction 


For any prime p, let e; (n) denotes the largest exponent of power p which 
divides n. In problem 68 of reference [1], Professor F.Smarandache asked us 
to study the properties of this arithmetical function. About this problem, many 
scholars showed great interest in it, and obtained some interesting results, see 
references [2] and [3]. 

Similarly, we will define arithmetical function e,,(n) as follows: for any 
two primes p and q with (р, q) = 1, let ej; (n) denotes the largest exponent of 
power pq which divides n. That is, 


epg(n) = max(a : (рд) | n,a € №). 


According to [1], a number n is called a perfect k-th power number if it 
satisfied k|o for all p^||n, where p^||n denotes p^|n, but ре! t n. Let A 
denotes the set of all the perfect k-th power numbers. It seems that no one 
knows the relations between these two arithmetical functions before. The main 
purpose of this paper is using the elementary methods to study the mean value 
properties of e,,(n) acting on the set A, and give an interesting asymptotic 
formula for it. That is, we shall prove the following: 

Theorem. Let p and q are two primes with (p, q) = 1, then for any real 
number z > 1, we have the asymptotic formula 


> epg(n) = Cos kat + (wz) , 


n<x 


neA 
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where 
(р—1)(4—1) — n 
C, = 
= pq 2 (ра)" 


is acomputable positive constant, and є denotes any fixed positive number. 





82. Proof of the theorem 


In this section, we shall complete the proof of the theorem. First we define 
arithmetical function a(n) as follows: 


(n) = 1, ifnisa perfect k-th power number; 
(MU 0, otherwise . 


In order to complete the proof of Theorem, we need the following: 
Lemma. For any real number x > 1, we have the asymptotic formula 





У Р ЕЕ) - O (2+). 





DE pq 
(n,pq)=1 
Proof. Let 
je y £9 
8) = 25. i : 
(n,pq)=1 


where Re(s) > 1. From the Euler product formula [4] and the multiplicative 
properties of a(n), we have 


f(s) 





l 
= 
PATT 
E 
+ 

a 
IS 
$| E 
A 
SUC 
e| E 
Si 


Il 
je 
ч 
m 
+ 
Y 
I 
wD 
+ 
mv) 
bo 
I 
[^] 

+ 
> 
x 
nn 
m 
| 

ч 
va) 
> 
=ч 
© 
| = 
wm 
A 


а) 


where ((s) is the Riemann zeta-function, and П denotes the product over all 
P 
primes. 
1 


Now by Perron formula [5] with sy = 0, b = ¿+ 525; T = zx, H(x) =x 











and B(c) = —+, we have 
Стук 
1 bHT ks __ 1 ks __ 1 8 
Y a(n) = zl (kes) DP — D? a, ofre), 
n<zx 2i Jb—iT (рд) : $ 
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1 
x 


Tog to 


To estimate the main term, we move the integral line from b = i + 


EN 1 
a= gp + 525 Therefore, 


1 БТ a+T a-iT b—iT T$ as 1 
— N +/ +/ +/ F(s) —ds = Res |: 
2mi A Jb—iT bHT a+iT a—iT S s k 


Note that lim ¢(s)(s — 1) = 1, we may immediately get 
s=} 


ws [to] - (676-3) 


Now from the estimate 


1 atiT a-iT b—iT xs 
== | +/ +/ F(s) —ds 
274 Albir a+iT a—iT s 


we can easily get 








n<x 
(n,pq)=1 


This proves the lemma. 
Now we prove the theorem. From the properties of geometrical series and 
the definition of e,,(m), combining the lemma we have 


9 ера(т) 


nír 


ncA 


E Уу) а У? a(n) 


a<log,,2 т< IT 








kla (n,pq)=1 
x E (p— = x ER 
Г a И (m) E a 2 +0 Co ) 




















— kr (p — 1)(q — 1) EN a m 
= k pq Р (pq)^ E (pg)* +0 ( ) 
= kak (p — (a - 1) [E n 1 © a+ | E 
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kar зо (аа + O(z-* log ®)) +0 (22+) 
(p — 1)(4-1) 


1 1 
Apgkak + (sæts) 
pq = | 


where 





is a computable positive constant. 
This completes the proof of Theorem. 
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Abstract In this paper, we use the elementary methods to study the mean value properties 
of an arithmetical function, and give an interesting asymptotic formula for it. 
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81. Introduction 


Let k be a fixed positive integer. For any positive integer n, we define the 
arithmetical function bz, (n) as follows: 


bi (n) = max (mi <n,ne x 


i=1 


m 
That is, bj (n) is the greatest positive integer m such that 5 i^ < n. For 


i 
example, b2(1) = 1, (2) = 1, b2(3) = 1, (4) = 1, b2(5) = 2, ··:.:: : 
In fact, from the definition of b; (п) we know that if 1 < n < (1+ 2*), then 


m 
b(n) = l;if1--2* € n < 1 4- 2* 434, then b(n) = 2; :----- Eee 
i=1 
m+1 i 
n < X i^, then b(n) = m. So the same positive integer m repeated (m -- 1)* 
i=l 


times in the sequence {b;,(n)} (n = 1,2,3,4,---). About this arithmetical 
function, it seems that none had studied it, at least we have not see any related 
references. In this paper, we shall use the elementary methods to study the 
mean value properties of b(n), and give an interesting asymptotic formula for 
it. That is, we shall prove the following: 

Theorem. For any real number x > 1, we have the asymptotic formula 








Y b(n) = eee at + O(z). 


n<x 


From the Theorem, we may immediately deduce the following two Corollaries 
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Corollary 1. For any real number x > 1, we have the asymptotic formula 


82. Proof of the theorem 
In this section, we shall complete the proof of the theorem. First we define 


n 
(т) = 9 i^. For any real number x > 1, it is clear that there exists one and 
i=1 
only one positive integer N such that f¿(N) € x < fk(N + 1). For any fixed 
positive integer k, from the Euler’s summation formula (see Theorem 3.1 of 
[2]) we have 


22 a (м) = WEDT +0 (м) = +), 





So that from the inequality f,(NV) € x < fi(N +1) we have 


Then from the Euler’s summation formula and the definition of b; (n), we have 














N-1 
$n = У; Уу (+ У dein) 
n<x n=l f,(n)<j<f,(n+1) о 
N-1 
= Y (n+1)'n+0(N**!)) = En (n = 1) + O(NFT) 
n=1 n=2 
a NkE+2 МЕ! | ( kt) _ Nk+ + ott) 
k+2 k+1 k+2 
k+2 
o (k41) kta 


This completes the proof of the theorem. 
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Abstract For any positive integer n, let b(n) denote the square complements function of 
n. That is, b(n) denotes the smallest positive integer such that n - b(n) is a 
perfect square number. In this paper, we use the elementary method to study the 
asymptotic properties of b(n!), and give an interesting asymptotic formula for 
In(b(n!)). 


Keywords: Square complements function; Standard factorization; Asymptotic formula. 


81. Introduction 


For any positive integer n, let b(n) denote the square complements function 
of n. That is, b(n) denotes the smallest positive integer k such that nk is 
a perfect square. For example, b(1) = 1, b(2) = 2, b(3) = 3, b(4) = 1, 
b(5) = 5, b(6) = 6, b(7) = 7, b(8) = 2, ---. In problem 27 of [1], Professor 
F. Smarandache ask us to study the properties of b(n). About this problem, 
some authors had studied it before, and obtained some interesting results, see 
references [5] and [6]. In this paper, we use the elementary method to study 
the asymptotic properties of the square complements function b(n!) of n, and 
give an interesting asymptotic formula for In(b(n!)). That is, we shall prove 
the following: 

Theorem . For any positive integer n, we have the asymptotic formula 


—Alnin 
In b(n!) = nlIn2 +0 | nexp| ———, | |, 
(In ln n)$ 


where A > 0 is a constant. 
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82. Two simple lemmas 


To complete the proof of the theorem, we need the following two simple 


lemmas: 
Lemma 1. Let n! = pips? --- pp” denotes the factorization of n into 
prime powers. Then we have the calculate formula 


b(n!) = b(pP)-b(py)---- b(pr^) 
= pros) . pord(p2) ee poros). 


where the ord function is defined as: 
acc Mg if a; is odd, 
0 = | 0, If оң is even. 


Proof. See reference [2]. 
Lemma 2. For any real number x > 2, we have the asymptotic formula 


Oe) = 5 Inp 


р<х 


3 
(In ln x)5 


Proof. See references [3] or [4]. 


83. Proof of the theorem 


In this section, we shall complete the proof of Theorem. First from Lemma 
1 we have 


Ind(n!) = In(b(pt*) - b(p?) - --- - b(pz^)) 


= 35 In p 


pen 
2tord(p) 

= 5 lnp+ p» In p + Уу Inp+---+O(1). 
5 <р<п 2<р< 8 6 <р 


Let n be a positive integer large enough, if a prime factor р of т! in the 
interval (5, т], then the power of p is 1 in the standard factorization of n!. 
Similarly, if a prime factor p of n! in the interval (5, 5], then the power of р 
is 2 in the standard factorization of n!; If a prime factor p of n! in the interval 
(4, 5], then the power of p is З in the standard factorization of n!, ---. 

On the other hand, note that the identity 

1 1 1 


Т GT е Е НЕВЕ А 
па" ve 
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then from Lemma 2 we have 


= a(n) -6(2) +0(2) -e(3) *e(z) -o(s) +... о 
= nr pr j ha) +0 (e (220) 


3 
—Aln5 
= п112+0 (neo (сат) Е 
(In Inn) 5 


This completes the proof of Theorem. 
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Abstract For any positive integer т, let S(n) denotes the Smarandache function. In this 


paper, we study the mean value properties of SQ), and give an interesting as- 


ymptotic formula for it. 


Keywords: Smarandache function; Mean value; Asymptotic formula. 


81. Introduction 


For any positive integer n, let S(n) denotes the Smarandache function. That 
is, S(n) is the smallest positive integer m such that n|m!. From the definition 
of S(n), we can easily deduce that if n = pj" p5? - -- рр" is the prime powers 
factorization of n, then 

= Qi 
S(n) = max (f(pi*))- 

About the arithmetical properties of S (n), many scholars had studied it be- 
fore (see reference [1]). The main purpose of this paper is to study the mean 
value properties of а апа obtain an interesting asymptotic formula for it. 
That is, we shall prove the following: 


Theorem. For any real number x > 2, we have the asymptotic formula 


pu 


2 
ur In’ x 





$2. Some lemmas 


To complete the proof of Theorem, we need the following several Lemmas: 
Lemma 1. For any positive integer n, if n has the prime powers factoriza- 
tion n = рї1р5?---р°” P(n) such that P(n) > Vn, then we have the identity 


where P(n) denotes the greatest prime divisor of n. 
Proof. From the prime powers factorization of n, we may immediately 
get 
PIPZ pe < уп. 
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Then we have 
p Pin)! 2—1,2,— hr 


Thus we can easily obtain n|P(n)!. But P(n) t (P(n) — 1)!, so we have 
S(n) = P(n). 


This completes the proof of Lemma 1. 
Lemma 2. For any real number x > 2, we have the asymptotic formula 


2:529 2 
Suspe f iu (5) 
Peat 121nz In^z 
Proof. First we define two sets A and B as following: 

А = (n|n € xz, P(n) € yn) 
and 

B = {nln € x, P(n) > vn}. 
Using the Euler's summation formula (see reference [2]), we may get 


5 S(n) < 5 Vninn 


neA nz 


T Vita pe — [E] (Vilnt)'dt + Velnz(e — [e]) 


3 
< x2lnz. 


Similarly, from the Abel’s summation forumula we also have 


X S(n) = 5 P(n) 


neB n<z 
P(n)>yn 


=>) Lo» 


x 
n<yan<p<n 


- УУ vols Y) 
п<у/ /@<р< ® п<у/кп<р<® 


x 


шр a м-р 


чә) +0 (z? Inz) ; 
п<ут A 


where m(x) denotes all the numbers of primes which is not exceeding =. 


Note that 
£ £ 
кыре Inr | Ө (=) | 
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Using the above asymptotic formula, we have 


y р = = (=) — Yaır(vVe) = n(s)ds 


m 
М®<р< 2 





ERN z? С р т? 
© 2mn?nz/n 2lhnyz- n2 In? z/n 


E e т 
FO FO 
Е 5) (тып ја? 5) 


Considering the following 





Hence we have 


q? x x 
2 n? 2 = >> i x A) 


| 
a 
E 
FIS 
R N 
+ 
O 
N 
5 
da 
8 
A 


and 





Combining all the above, we may immediately deduce that 


Y s(n) = У) 5(п) + У 5(п) 


n<x neA neB 
2,2 2 
T x x 
= Bol эү 
12Inz ш x 


This completes the proof of Lemma 2. 





83. Proof of the theorem 


In this section, we shall complete the proof of Theorem. First applying the 
Abel’s summation, and note that the results of Lemma 1 and Lemma 2, we 
may have 
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1 2,2 2 т 1 242 2 

Е ае | / ON = = а 
x \12шхт Ш т 1 t2112Int In*t 

2 x 2 x 

т“ 2X x т 1 

= O / dt +O | at) 
121nx (525) "m 1 121lnt£ Е ( 1 In?t 


2 
Iu 
6 Inz Ш х 


This completes the proof of Theorem. 
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Abstract For any prime p > 3 and any fixed integer k > 2, let e,(n) denote the largest 
exponent of power p which divides n, a(n, k) denotes the k-power complement 
number of n. In this paper, we study the properties of the sequence ep(a(n, k)), 
and give an interesting asymptotic formula for it. 
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81. Introduction 


Let p > 3 be a prime, e„(n) denote the largest exponent of power p which 
divides n. For any fixed integer k > 2, let a(n, k) denote k-power comple- 
ment sequence of n. That is, a(n, k) is the smallest positive integer such that 
na(n, k) is a perfect k-power. In problem 29 of reference [1], professor F. 
Smarandach asked us to study the properties of this sequences. About this 
problem, some people had studied it before, and made some progress, see ref- 
erence [2]. The main purpose of this paper is using the analytic method to study 
the properties of the sequence e; (a(n, k)), and give an interesting asymptotic 
formula for its mean value. That is, we shall prove the following: 

Theorem. Let p > 3 be a prime and Ё > 2 a fixed positive integer. Then 
for any real number x > 1, we have the asymptotic formula 





k-1)p® kp"! +1 
X epla(n, k)) = ( c Dos D Ed (к) , 


n<x 


where e denotes any fixed positive number. 

From this Theorem we may immediately deduce the following two corol- 
laries: 

Corollary 1. Let р > 3 be a prime. Then for any real number x > 1, we 
have the asymptotic formula 





Y ein) = енн), 


n<x 
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Corollary 2. Letp > 3 be a prime. Then for any real number x > 1, we 
have 


> epla(n, 3)) = C ed +0 (=/2+) 
п<2 
82. Proof of the theorem 


In this section, we shall complete the proof of Theorem. In fact, for any 
complex number s with Re(s) > 1 , we define the Dirichlet series 


гь) = E ern I) 


n=1 n 


From the definitions of ep(n) and a(n, k), and applying the Euler product 
formula (See reference [4]) we have 









































f(s) 
_ $ = т, > 1 
a=0 B=1 PERAR ni=1 (n1)* 
(n1,p)=1 
оо k-1 oo oo k—1 oo 
1 1 1 8 1 
= k 
22 р(ак+8)в > (n1)§ = pos = р95 2 (nı)® 
(nı,p)=1 (n1,p)=1 
1 1 1 1 
k pS pks 1 1 ps pks k — 1 
еза E 1 Je: (1 ;) 1-1 E 1 ks Je: 
~~ pks m ps р = pks n ps р 
pe ыы Be 
= s) - S 
(p^ — 1) (p5 — 1) pel 
(k = 1)p** ES kp=Ds +1 
т i (8); 
(p** — 1)(p* — 1) 
where ((s) is the Riemann zeta-function. Obviously, we have 
2. ep(a(n, k)) k 
epla(n, k)) < klog, n < Кат 2. Er < ccn 








where o is the real part of s. Therefore by Parron's formula (See reference [3]) 
we can get 


3 u i Posadas РО Fe) 








E nm dri hir T 


+0 (zo) min fi, T1) +0 (aa) min fı, ia) 
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where N is the nearest integer to x, ||x|| = |x — N|. 
Taking so = 0,0 = ё, H(x) = kInz, B(o) = zZ, we have 


1 HT 


Y eain. E) = 7 f, 


oz, 271 





"¿amO Tas + o( 
iT s 


where 
(k = 1)pks = kp*=Ds $i 


е) 





То estimate the main term 





ca. 





we move the integral line from s — 3 +iTtos= 
This time, the function 


has a simple pole point at s = 1, and the residue is 


(k— Dp* — kph" +1 
(09 = Dp 





Ѕо же һауе 


1 3+iT HiT i-iT з Т x 
xU +f +f +f сов) аз 
2mi \ J3 i ЗТ sHT i-iT 8 


((k =Dp* =kp*-* + 1) 
(р# — 1)(р— 1) 





Note that the estimate 


1 liT 3 jT l 4T -1 ks __ (k-1)s 1x 
А d «f. «f ca) )p kp 2 
2mi (Jair Јат Jir (pe — 1)(p° — 1) 8 


pote 


T 








< 





Taking Т = x, from the above formula we may immediately get the asymp- 
totic formula 


((k — 1)p* — kp*-1 + 1) E 
2, an E) = Hu Di) 


This completes the proof of Theorem. 


LO (giis) | 
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Abstract In this paper, we using the elementary methods to study the arithmetical proper- 
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81. Introduction 


For any positive integer n and m with m > 2, we define the m-th power 


free number function a, (n) of n as follows: If n = рур? - - - p2* is the prime 
powers decomposition of n, then the m-th power free number function of n is 


the function: а (п) = pi p? ‚++ p^, where 8; = oj, if o; < m — 1, and 


B; = 0, if a; > m. 
For any positive integer k, we also define the arithmetical function d¿(n) as 
follows: 


(т) = 


maxíde N | din,(d,k)=1}, if п=0, 
{ 0, if п= 0. 


Let A denotes the set of all the positive integers n such that the equation 
Am(n) = бь(т). That is, A = (n € N,am(n) = ôk(n)}. In this paper, 
we using the elementary methods to study the convergent properties of the 
Dirichlet series involving the set 4, and give an interesting identity. That is, 
we shall prove the following conclusion: 


Theorem. Let m > 2 be a positive integer. Then for any real number 
s > 1, we have the identity: 


5 1 _ s) er 








where C(s) is the Riemann zeta-function. 


From this theorem we may immediately deduce the following: 
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Corollary. Let B = (n € N,ao(n) = бк(т)} апас = (n € №, аз(п) = 
9 (п) }, then we have the identities: 








n=1 | 
neB 
and 
Y 1 лүү еы 
2 4 6 _ 
n 27 n D 1 


82. Proof of the theorem 


In this section, we will complete the proof of the theorem. First, we define 
the arithmetical function a(n) as follows: 


NS if nea, 


a) = 0, if otherwise. 


For any real number s > 0, it is clear that 





cd ИВ) ee 
>> ns Era х pr 
n=1 n=1 n=1 
neA 
dl | 
and 5 = is convergent if s > 1, thus 5 is also convergent if s > 1. 
n=1 n=1 
neA 


Now let n = pf p$? ---p2* denotes the factorization n into prime powers. 
Then from the definition of am(n) and ó;(n), we know that if a; > m for 
some j, then Gm (pj) = 1. So only when o; < m — 1 and (р;, k) = 1 for all i, 
the equation am(n) = ё. (т) has solution. If (pj, k) # 1 for some j, then the 
equation Om (p; jm (p; ) has solution if and only if a; > m. So from the 
Euler product formula (see [1]), we have 


= (1+ 2 20 piss mt] 


8 
р 





1 
ns 


HM 








pms р(т+1)8 
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x [] (1 же МЕЖ eoe ) 
ms (m+1)s (m+2)s |. 
2 pue y р 
ms __ pim—D)s dx 


ms _ D 
¢(ms) plk p 1 





where С(в) is the Riemann zeta-function and [] denotes the product over all 
p 
primes. 


This completes the proof of Theorem. 
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tin 
using the analytic methods to study the mean vlaue properties of the b,¿(n), and 
give an interesting asymptotic formula for it. 
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81. Introduction 


Let p and q are two distinct primes, ej; (n) denotes the largest exponent of 
power pq which divides n. In problem 68 of [3], professor F.Smarandache 
asked us to study the properties of the sequence e,(n). About this prob- 
lem, some people had studied it, and obtained a series interesting results, 
see references [2]. In this paper, we define arithmetical function bj; (n) = 


5 ера (=) epq(t), then we using the analytic methods to study the mean 
tin 
value properties of b,¿(n), and give give a sharp asymptotic formula for it. 
That is, we shall prove the following: 

Theorem. Let p and q are two distinct primes, then for any real number 
x > 1, we have the asymptotic formula 





Е тр | 1— 27 — pq + 2pqy — 2рд1п(рд) Ze 
> p(n) = (ра —1)2 ` (pg — 1)? x: O (x? ). 


qns 


where e is any fixed positive number, and y is the Euler constant. 


82. Proof of the theorem 
In this section, we shall complete the proof of Theorem. For any complex 
s, we define the Dirichlet's series 


оо 


f(s) = 5 ера(п) апа g(s) = > in), 
n=1 


8 
n=1 TL TV 
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It is clear that 


Ren Ganglian has given (in a paper to appear ) f(s) = c where 
*(s) 


¢(s) is the Riemann zeta-function. So we can obtain that g(s) = Tey 
Obviously, we have 





bpa(n) € log,,n € nlnn 








where c (2 2) is the real part of s. Therefore, by Parron's formula ( See refer- 
ence [4]) we can get 


b ] eT a "B(b 
$ p(n) = al С2(8 + sg) R(s | so) ds + O (: gm 








nso —iT 


+0 (2-722) in fı, шй y +0 (am) rin fı, en) | 


n<x 





T 


where N be the nearest integer to x, [lx [| = |x — N |. Let 


Taking so = 0,0 = 3, H (x) = хах, B(0) = 23, we have 





1 HT xs gare 
Beata mal 208) R(s) ds +O | 
E tld = ы fap OR ds +O) 


To estimate the main term 


1 үт xs 
== R(s)—d 
= je s)R(s) ds, 





t iT. This time, the 





wir 


we move the integral line from s = 3 + iT tos = 
function 


CG)RG)- 


has a second order pole point at s — 1, and the residue is 





ena, 1— 2y- pq + 2pgy — 2pgln(pq) > 
(pq — 1)? (pq — 1)? 
where y is Euler constant. 
So we have 


1 зыт +Т i-iT 5—iT zs 
milf th tf COR) 
271 5—{Т $T IHT i-iT 5 


zing 1 — 2y — pq + 2pqy — 2pq (рд) y 
(pg — 1)? (pq — 1)? 


’ 
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Taking Т = z?, we can easily obtain 

1 IKT 3 4T 8 
= L +). Cs) (в) 2а 
2ni (J +T iaiT 8 


1 3-iT 5 p 
= J OR) as 


< gate 








and 


< gate. 








So from the above formula, we may immediately get the asymptotic formula 





_ vng — 1-—2y- pq + 2pqy – 2ра (ра) 1/2+e 
2 tral) ano it" x+O (= ) 


This completes the proof of Theorem. 
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Abstract Similar to the Smarandache k-th power complements, we define the additive k- 
th power part residue fx (n) of n is the smallest nonnegative integer such that 
n — fr(n) is a perfect k-th power. The main purpose of this paper is using the 
elementary methods to study the mean value properties of f(n) and d( fi. (n)), 
and give two interesting asymptotic formulae for them. 
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81. Introduction and results 


For any positive integer n, the Smarandache k-th power complements by. (n) 
is the smallest positive integer Б. (т) such that тру, (n) is a complete k-th power 
(see problem 29 of [1]). Similar to the Smarandache k-th power complements, 
Xu Zhefeng in [2] defined the additive k-th power complements aj, (n) as fol- 
lows: ак(т) is the smallest nonnegative integer such that n + aj (n) is a com- 
plete k-th power. 

Similarly, we will define the additive k-th power part residue f;(n) as fol- 
lowing: for any positive integer n, 


fr(n) = min(r|0 € r 2 n — m*,m € N}. 
For example, if k — 2, we have the additive square part residue sequences 
{ fo(n)} (n = 1,2,...) as following: 
0,1,2,0,1,2,3,4,0,1,2,3,4,5,6,0,1,2,.... 
In this paper, we use the elementary methods to study the mean value proper- 
ties of f(n) and d( fr (n)) (where d(n) is the Dirichlet divisor function), and 


obtain some interesting asymptotic formulae for them. That is, we will prove 
the following conclusions: 


Theorem 1. For any real number x > З and integer k > 2, we have the 
asymptotic formula 


2 1. 2 
S fín) = mee +О (22%) 


n<x 
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Theorem 2. For any real number x > 3 and integer k > 2, we also have 
the asymptotic formula 


Saf (n)) = (1-2) ems | (21 tink —24 3L | O (2 Ing), 


n<x 





where y is the Euler constant. 


82. Some Lemmas 


To complete the proof of the theorems, we need following two Lemmas. 
First we have 


Lemma 1.  Forany real number x > 3, we have the asymptotic formula 
Y d(n) = ana + (27 — 1)z + O(2?), 
nea 


where y is the Euler constant. 

Proof. See reference [3]. 

Lemma 2. For any real number x > З and any nonnegative arithmetical 
function h(n) with h(0) = 0, we have the asymptotic formula 


XAG)- E Y hm +o( 5 10), 


n<z t=1 n<g(t) a<g(M) 


where g(t) = p» М апа М 
і 


1=1 


[xz], [x] denotes the greatest integer not 


exceeding х. 
Proof. For any real number x > 1, let M be a fixed positive integer such 
that 
M* < x « (M +1)“. 
Noting that if n pass through the integers in the interval [t^, (t + 1)^), then 
fi. (n) pass through the integers in the interval [0, (t+1)*—t*—1] and h(0) = 
we can deduce that 


M-1 
So A(fe(n)) = M У hum) Уу) Mf (nm) 
n<a t=1 th<n<(t+1)* Mk<n<x 
M-1 
= > h(n > h(n) 
t=1 n<g(t) ш m 
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k-1 
k\ 4 1 
where g(t) — ‚| and M = [zF]. 
AN 
This completes the proof of Lemma 2. 


83. Proof of the theorems 


In this section, we shall use the elementary method to complete the proof of 
the theorems. First we prove Theorem 1. Let h(n) = n and M = [2%], note 


that zx -M =O (1), then from Lemma 2 and the Euler summation formula 
(see [4]) we obtain 


M-1 
Zaun - E Er 
n<x t=1 nxg(t) n<g(M) 
CUN 2 
ЕЕ kp ota? k) 
2 t=1 
k? 2—1 2—2 
28k - 1^ + O(z* ғ) 


This completes the proof of Theorem 1. 
Now we prove Theorem 2. From Lemma 1 and Lemma 2 we have 


> d(fe(n)) 
n<zx 
M-1 
= 5 3: iol p» 40) 
t=1 n<g(t) n<g(M) 
= k-1 k-1 k-1 k-1y 
= ktt In (ktë!) + (2—1) + O (61) 
У [ein (ut?) (we) 
+O (217% nz) 
M-1 2: 
= (КЕ — 1) nt + (27 + nk 1) + Ot 8 )) 
t=1 
+0 
M- М-1 
= DE t^ Int (2y+Ink—1)k SO 67 


t=1 


+0 p" Haz) a 
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Then from the Euler summation formula, we can easily get 


Уу d(fi(n)) = (1- ЭБ | (21 +Ink—24 3E | O (eine). 


п<2 





This completes the proof of the theorems. 
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Abstract The main purpose of this paper is using the analytic methods to study the as- 
ymptotic properties of an arithmetical function acting on the k-th power com- 
plements, and give an interesting asymptotic formula for it. 
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81. Introduction and results 


For any positive integer n, let D(n) denotes the number of the solutions of 
the equation n = nına with (n1, по) = 1. That is, 


D(n) = > 1. 
din 
(4,2)=1 


It is clear that D(n) is a multiplicative function, and has many interesting arith- 
metical properties. Now we define another arithmetical function Az(n). For 
any fixed positive integer k, let A(n) denotes the k-th power complements. 
That is, Az(n) denotes the smallest positive integer such that nA, (n) is a per- 
fect k-th power. For example, Aa(1) = 1, A2(2) = 2, A2(3) = 3, A2(4) = 1, 
Ао(5) = 5, Ао(6) = 6, Ao(7) = 7, А(8) = 2, -----: . In reference [1], 
professor F.Smarandache asked us to study the properties of the sequences 
[Ag(n)). About this problem, some people had studied it before, and ob- 
tained some interesting results, see references [4] and [5]. In this paper, we 
use the analytic methods to study the mean value properties of the arithmeti- 
cal function D(n) acting on the set ( Aj (n)), and obtain a sharper asymptotic 
formula. That is, we shall prove the following: 
Theorem . For any real number x > 1, we have the asymptotic formula 


6C(k)alna 2 1 
Y^ р(А,(п)) = i (1 + zx) - C(k)a +0(x3**), 


nsa p 





where C(k) is a computable constant, С(Ё) is the Riemann zeta-function, є 


denotes any fixed positive number, and П denotes the product over all primes. 
p 
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From this theorem we may immediately deduce the following: 
Corollary. For any real number x > 1, we have the asymptotic formula 


5 Ю(Ак(т)) mI ips t C(4)z + O(x3**). 
Fp? 


ASE 


82. A Lemma 


Before the proof of the theorem, a Lemma will be useful. 
Lemma. For any positive integer number n > 1, we have the identity 


D(n) = 2909, 
where v(n) denotes the number of all distinct prime divisors of n, i.e. 


es ifn= l; 


Un) = & 
( ) k, if n= p pg?p$* -- pg. 


Proof. Let n = p?! p? p$? --- pz" denotes the factorization of n into prime 
powers. Note that D(n) is a multiplicative function and D(p^) = 2, so from 
the definition of v(n), we have 


Din) = 5 POP CG} scope uam. 
d|n 
(d, 7)=1 
This proves the lemma. 


83. Proof of the theorem 


In this section, we shall complete the proof of the theorem. 
Let Dirichlet's series 


5) = E Pen 
n=1 


For any real number s > 1, itis clear that f(s) is absolutely convergent. So 
from the lemma and the Euler’s product formula [2] we have 


бә = If 280. Ра), 








р р 
_ D- D) D) 
= П (1+ p p?5 pks + | 





|| 
N 
E 
+ 
bo 
2 
us} 
m 
b 
— 
bo 
SS 
"S3 
S 7 
n 
uz 
bo 
| XA 
zd шы 
A 1 
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а E WE il у 
= П 14 LOVE |o ps pet) | 
1 2 
- lt) 
р 


(s) Gs) 
+ 2 
= faxo Jj 
Q(2s5) % prs + plk=D)s 
where ¢(s) is the Riemann zeta-function. 
Therefore by Perron’s formula [3] with sy = 0, b= 2, T 3, we have 











1 2+iT ¿2 k 8 i 
> D(As(n оті lo: E RS : Ol fe OEE); 


пт 
where 


a) - TE к} 


p 
To estimate the main term 


Joe COE 

















274 2-4T С(25) 
we move the integral line from s = 2 + iT to s = 1 cT, then the function 
2 k 8 
CCS) ы ул 
С(25) 8 
have a second order pole point at s = 1 with residue 
G(K) ( 2 ) 
22—210 2 1 + C(k)x, 
¢(2) П ПРИ (0 


where C (k) is a computable constant. So we have 


2+iT HT 2+iT СЕ ap 
s) R(s) —ds 
2тї ale 2 з 4-iT +) ) ) S 


ы П (1 = a) + C(k)z. 


k—1 
* РЁ +р 


We can easily get the estimate 


m 2+iT rs 1 
г (у ee C(ks) R(s) —ds « 221. 
mi 2-HiT i-iT i-iT 5 


Now note that С(2) = 72/6, we may immediately obtain the asymptotic for- 
mula 


>, D(Ak(n) ASQ jema T] (1- Hr) + 0002: Ole), 


n<x р 
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where C'(k) is a computable constant. 
This completes the proof of the theorem. 
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Abstract For any positive integer n, let a(n) denotes the triangle number part residue of 

n. That is, a(n) = n— are) where k is the greatest positive integer such that 
kurt) < n. In this paper, we using the elementary methods to study the mean 
value properties of the sequences {a(n)}, and give two interesting asymptotic 


formulae for it. 


Keywords: The triangle number part residue; Mean value; Asymptotic formula. 


81. Introduction and results 


For any positive integer n, let a(n) denotes the triangle number part residue 


k(k+1) 
2 


of n. That is, a(n) = n — , where k is the greatest positive integer such 


that кР) < n. For example, a(1) = 0, a(2) = 1, a(3) = 0, a(4) = 1, 
а(5) = 2, а(6) = 0, +- . In reference [1], American-Romanian number 
theorist Professor F. Smarandache asked us to study the arithmetical properties 
of this sequences. About this problem, it seems that none had studied it, at 
least we have not seen any related papers before. In this paper, we using the 
elementary methods to study the mean value properties of this sequences, and 
give two interesting asymptotic formulae for it. That is, we shall prove the 
following: 


Theorem 1. For any real number x > 3, we have the asymptotic formula 


Y a(n) = Lo +0(2). 


n<x 


Theorem 2. For any real number x > 3, we also have the asymptotic 
formula 


1 


y d(a(n)) = 5202 + (21 + M z 4 O(x 


WIN 


), 


n<x 


where d(n) is the Dirichlet divisor function (provide d(0) = 0), and ¥ is the 
Euler constant. 
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Note: It is clear that if there exists a mean value formula for any arithmeti- 
cal function f (n), then using our methods we can also obtain an asymptotic 


formula for 5 ^, <. f (a(n)). 


82. Proof of the theorems 


In this section, we shall complete the proof of the theorems. First we prove 
Theorem 1. For any real number x > 3, let M be a fixed positive integer such 
that 


M(M+1) 2 (M+D(M+2) 
2 = 2 i 





Then from the definition of a(n), we have 


M 
> a(n) = 5 5 a(n) — У? a(n) 
n<z k=1 EED cnc (+1) e 2) "mm (M+1)(M+2) 





= $^ 5 i+O 5 8 


k=1 (к+1у(Е+2) k(k+1) (M+1)(M+2) M(M+1) 
i<( у 2 ) s<( 2 2 ) 
k 











ae «M 1L (2) 


Combing (1) and (2), we have 


5 a(n) = уз, 3 + + О(т). 


NSE 


This completes the proof of Theorem 1. 
Now we prove Theorem 2. Using the similar method of proving Theorem 
1, we have 


M k 
Y; d(a(n)) = у у di) Уу)  d(a(n). 


n<z i=0 di <n<z 


> 
Il 
= 
m 
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Note that the asymptotic formula (see reference [2]) 


5 d(n) = zlnz + (2y — 1)z+0 (25), 


n<x 


where y is the Euler constant. 
We have 


> d(a(n)) 


n<x 


M 
= У (kmk+(27-1)k+0(k3)) +0] У ад 
k=1 M мма) 

1 


527- 1)M? + O(M3). (3) 


1 
107° 1) + 


Now combining (2) and (3) we may immediately get 
1 In2-3 
Y daln) = реа + (21 pa 5 ): 


E 





1 
= ¿Mn М 





This completes the proof of Theorem 2. 
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Abstract The main purpose of this paper is using the elementary methods to study the 
mean value properties of an arithmetical function acting on the k-full number 
sequences, and give an interesting asymptotic formula for it. 


Keywords: — k-full number sequence; Asymptotic formula; Mean value. 


81. Introduction 


For any prime р, let ey (n) denotes the largest exponent ( of power p ) which 
divides n. In problem 68 of reference [1], Professor F.Smarandache asked us 
to study the properties of this arithmetical function. About this problem, many 
scholars showed great interest in it and obtained some interesting results. For 
example, Lv Chuan [2] used the elementary methods to studied the asymptotic 
properties of the mean value > ,,<. ep (n), and gave the following asymptotic 
formula: 


—1 
3: ep (n) = — Ar + O(log"*! х), 


n<x 


where A is a computable constant. 
Professor Zhang [3] studied the mean value of e; (S,(n)), where S,(n) de- 
notes the smallest integer m such that p”|m!, and obtained 


Y 68,08) = o ar + Ola). 


nex 


In this paper, we shall use the elementary methods to study the mean value 
properties of e,(n) acting on the k-full number sequences, and give an in- 
teresting asymptotic formula for it. For convenience, first we give the defi- 
nition of the k-full number. In fact, a number n is called a k-full number if 
pln «= p" |n for any prime divisor p of n. Let A denotes the set of all the 
k-full numbers. It seems that no one had studied the relations between the 
arithmetical function e,(n) and the k-full numbers. In this paper, we shall 
prove the following: 
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Theorem. Let p be a prime, then for any real number x > 1, we have the 
asymptotic formula 


Y ep(n) = С.а (Юа + (2*9), 
n<x 
neA 


where 


6k 1 : 
C(p,k) = 25 |1 = } (14 | 
(Pk) = ( т=п) ; | ш Бы 


ap(k) is а computable positive constant, e > 0 is any fixed real number, and 


П denotes the product over all prime q. 
q 








82. Proof of the theorem 


In this section, we shall complete the proof of Theorem. Let a(n) denotes 
the character function of k-full number. That is, 


ine 1, if nis a k-full number; 
~ | 0, otherwise . 


It is clear that 


n<x n<x 
neA (n,p)=1 
(n,p)=1 


Let Dirichlet series 





It is clear that this series is convergent if Re s > 1. From the Euler product 
formula [4] and the definition of a(n), we have 














where ((s) is the Riemann zeta-function. 
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Obviously, we have 


oo 


la(n)| < 1, 














where с is the real part of s. Therefore, by the Perron’s formula [4] we have 


b+iT 8 a? 1 
X у=] Tas + O(n), 


rud 27i ь—т C(28) 
(n,p)=1 





ee ( pe gm * i) П C NC D = 5) | 








Now moving the integral line from b to a = эр» we have 
b+iT atiT a—iT —iT as 1 
f +/ +/ «f (s) ds = Res | f(s E 
э b+iT a+iT 5 k 


Note that lim G(ks) (s — 1) = 1, we may immediately get 


sr 
kar К El a 
¢(2) 
Combining (1), (2), (3) and the following estimates 
1 a—iT 8 
sf. Ts 


28 Ja+iT 


1 a+iT а T$ 
— 4 
274 а zu 


У) a(n) = Cp, kat +0 (a), 
n<zx 
(n,p)=1 





Res Los | = 


1 
< aim te 








< pte 








we can easily get 


where 


6k : 1 
UE Sl p-p Me) 


Based on the definition of ep(n) and the above estimate, we have 


Lam=- >, a), 
ncc k<a<logp £ n< oa 
x (mp1 
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> (2) съ®+о((=)*”)) 


k<a<log, 2 


= Clpk)jak Y profan У) 3 
k 
='08p 


a 
k<a<log, zP k 





[гт a a ig 
= С(р,К)х® Š- 5-25) +0 (+) 
= QC(p,k)z* > 2 : y EE Y &)+0(2%*) 
le zloga] Spe cen PF | 3 








is a computable positive constant. 
This completes the proof of Theorem. 
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Abstract The main purpose of this paper is to define a new arithmetic function by the 
m-th power complement numbers and the k-th power free numbers, and use the 
analytic methods to obtain some interesting asymptotic formulae for them. 
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81. Introduction and main results 


Let m be a fixed positive integer with m > 2. For any positive integer т, 
we define the m-th power complement numbers а. (т) of n as the smallest 
positive integer such that nam(n) is a perfect m-th power. We also call a 
positive integer n as k-th power free number if it can not be divided by any 
р", where p be a prime. We denotes the k-th power free number by cj, (n). It 
is clear that c¿(n) = т 5 (а), where u(d) is the Möbius function. 

d* |n 

In reference [1], mm E Smarandache asked us to study the properties 
of the m-th power complement numbers and the k-th power free number se- 
quences. About these sequences, some people had studied them, and obtained 
many interesting results, see references [2], [3], [4] and [5]. 

In this paper, we introduce a new sequences f(n) = am(n)c;(n), then we 
use the analytic method to study the mean value properties of this sequences, 
and obtain some sharp asymptotic formulae. That is, we shall prove the fol- 
lowing: 

Theorem 1. For апу real numberz > 1, we have the asymptotic formula 


621 


1 
(nm ш ey 


5 атй) (т) = 


n<x 


* This work is supported by the P.N.S.F(00JK301) 
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where e denotes any fixed positive number, and 


р(®-2)(т+1) _1 


nnn =T1 (14 on on 
^ (p + 1)(p(&-D(m1) — p(&-2)(m1)) 





if m > k; 





m2— mim: 
EEE), осте 


(p + 1)(р"“т+1) — pm) 





k—1 pimtm+1 


ird, рі(т+1) 
j=im 


p+1 





if m < К. 
Theorem 2. For апу real numberz > 1, we have the asymptotic formula 
6211 í 
> b(am(n)c, (n)) = O + 1) + OQ at 
(m 4- 1)т 


nír 


where ó(n) is the Euler function, e denotes any fixed positive number, and 

















R(m-- 1) = П ( y pe Den — 1) — (PEDD _ D) 
: р(р + 1 (pF- Dc) — pa-m) 
If m > k; 
gm) = (£0 900 - Dam 1) | Gm 1) 
p al) ш mer) кї, у? 
if m < k; 
1—1 m--m--2 jm-4-m4-1 
p +m+ —р? 1 
Н(т + 1) = | plim+ 1)(m+1) р 
j=1 
d 
m k-1 im+m+1 __ ртт 
G(m+1)= % pim+D) 


j=im+1 
Taking k = 2 in Theorem 1 and Theorem 2, we may immediately deduce 
the following two Corollaries: 
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Corollary 1. For any real number x > 1 and integer m > 2, we have the 
asymptotic formula 





Corollary 2. For any real numberx > 1 and integer m > 2, we have the 
asymptotic formula 


ба! * m+3+e 


where R*(m + 1) = П (1 = =p) ; 


a p(p + 1) 


82. Proof of the theorem 


In this section, we shall complete the proof of the theorems. First we prove 
Theorem 1. Let 


It is clear that а, (n) and cj, (n) are multiplicative functions of n, so am (n)cx(n) 
is also a multiplicative function of n. If the real part of s is large enough, then 
the Dirichlet’s series f(s) is absolutely convergent. So for m > k, from the 
Eurler’s product formula [6] we have 























f(s) 
Am(p)er(P) , ат(р?)с(р?)) am (p^! )ex(p* 1)) 
= П ( ps : 7 ANT | 
1 1 1 1 
= П (1 ps—m SONT p(2s-2) a т р5 2 p 35 )) 
C(s — т) pco 
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^ (Gl ( CN + Np 535] | 
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if m < k (im € k < (i+ 1)m,i > 1), then 





























b (p)ex(p) (p^ )ex(p") 
ат (Pp) cx (P Am (p"™)ce(p™ 
= [I (1+ Pe... атро 
р 
amt)... 0m" )ex (p?) 
ponts U ! pims 
e an (pr eae) E am (pF 1)еь(р®— 1) 
plim+1)s p(*=Us 
» ONSE. » 1 
ш П 1+ pm pam (l ps er pons) 
1 1 1 
pim+1)s—2m (1 р5 LEE (nci) 
‚ k—1 (i+1)m 
еже E + аи a) 
eds 1—1 pimts 
PT DEF, ar 
_ _¢(s=m) IL ja 
¢(2(s — m)) +, (go mer O 
> panes 
j=im+1 Bt 
per+l 
Obviously, we have the inequality 
(пека) en, |y man aH, 
oa n? с = т – 1 








where с > m + 1 is the real part of s. So by Perron formula [7] we have: 





a(n ] peril x z^ B(b-- о 
= (n) = mi. Flo sds 40 (: а 2 
+0 (2° H (22)min (1 =)) 


+0 (ан (Ат (1, zy à 
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1 
when N is the nearest integer to x, N = ®—5› ||z|| = |x — N|. Taking so = 0, 


: 1 
b=m>+2,T =22, H(z) = x’, B(o) = ————., we have: 
c—m-—1 


S > Am(n)cx(n) Г |, ш Ro) Las | O(a™tate), 

















22 © Dim Im+2-i7 C(2(s — m)) 
where 
(k-2)s _ 1 
р 
14 : m > k; 
П | (pm ip 1) (p(*-D)s = zx] 
1—1 pimts 
(m-1)s | ms 
(eth) em - Y er 
1+ — 
R(s) = П (p5=™ + 1)(p™s — pes) 
k—1 im+s 
j—im p? 
= UR 1 т < К. 


То estimate the main term 


1 C(s = m) 


іт m-42—4T ¢(2(s — m)) 





R(s)- ds + O(a ^ 34*), 








1 
we move the integral line from s = m + 2 + iT to s = gs iT’. This time, the 

















function « )a* 
s— m)z 
f(s) == R(s 
am 
qm 
have a simple pole point at s = m + 1 with residue ————— —— R(m + 1). 
ота 060) "+ 0 
So we have 
1 m+2HT m+5+iT m+4—iT m+2-iT = s 
= (/ «f ° +/ : «f AA Бр 
207 \Jm+2-iT m+2+iT m+3+iT m+41-i7 J G(2(s — m))s 
qm 
ma R(m + 1). 
eri et» 
Taking Т = z?/?, we can easy get the estimate 
1 m+3 HT m+2-iT D s 
de / ch / AA ВРА 
2л? A Jm4244T +i-ir J CQ(s — m))s 
m+2| ((o —- т + Т) r? ОКЕ 1 
< / — — R(s do < = "3 
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and 


1 co C(s — m)x* R(s)ds 


2ті Јат C(2(s — m))s 


T |c(1/2 + it) anta 
x |, (1-24) t 











dt « ntate, 








2 
Note that ¢(2) = 20 from the above estimates we have 


“Ga ee 


This completes the proof of Theorem 1. 
Now we prove Theorem 2. Let 


pio) = $ Manta) 
n=1 


Then from Euler product formula [6] and the definition of ¿(n), we also 
have 
if m > k, then 














fils) 
- Ti e(t p) ср" Лер). ш ф(р"—(®-).р®-—1) 
P p? p?s i | р\К—1)8 
Е : p? perl р" _ pra р" А. perl 
= П 1+ ps | p?s | + pl*=1)s 

р 

1 1 1 | 1 

= П 1+ pim + pam (l + = ЕЗ peas) 

ЕН (1 | = | rx + E )) 





_ _¢(s—m) , р(р®-9#— 1) — (р®—1)5—]) | l 
E ) П ( Dip + 1)(р®—1)5 — plk-2)s) J" 


141 


On the hybrid mean value of some special sequences? 


if m < k (im € k < (¿+ 1)m,i > 1), then 
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By Perron formula [7] and the method of proving Theorem 1, we also have 








e O M mE 
E # ыо) = э; ] a Colo my RON re) 


where 





post 2rd (pr ) 
(1+2 К Ue p се! 
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This completes the proof of Theorem 2. 
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value properties of ôm (f (n)), and obtain an interesting asymptotic formula for 
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81. Introduction and main results 


For any fixed positive integer q and any positive integer n, we define the 
arithmetical function 


fin) = flan) = (q,n), 
where (q,n) denote the greatest common divisor of q and n. Obviously it is 
a multiplicative arithmetical function. Another famous multiplicative function 
is defined as 

ln) = шах{4: d| n,(d,t)= 1}, 

where t is any fixed positive integer. In reference [1], Professor J.Herzog and 
T.Maxsein studied the mean value of the error term 
2 





tx 
Еп) = M &(n) — 
T 20 (t) 
where o(t) = 5 d, and proved that 
dit 
У? Е (п) = HS +О (= In?) 2) 
n<zx do(t) | 


where w(t) denotes the number of all different prime divisors of n. 

In this paper, we want to study the mean value properties of öm(f(n)), and 
obtain an interesting asymptotic formula for it. First we need to introduce a 
special number: k-power free number. A positive integer n is called a k-power 
free number if it can not be divided by any p*, where p is a prime number. 
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In reference [2], Professor F. Smarandache asked us to study the properties of 
the k-power free number sequence. About this problem, many scholars had 
studied it before (see reference [3] and [4]). 

Furthermore, there exists an interesting identity ö,(n) = da.) (n), where 
a(t) is a square free number. In this paper, we shall use the analytic method to 
prove the following conclusion. 

Theorem. Let A denotes the set of all k-power free numbers (k > 1). 
Then for any fixed positive integer m and any real number x > 1, we have the 
asymptotic formula 
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where p^ || denotes р? |4 апа p^*!1q. 

From this theorem we may immediately deduce the following three Corol- 
laries: 

Corollary 1 Let q be a square free number, then for any fixed positive inte- 
ger m and any real number z > 1, we have 
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Corollary 2 Let m be any fixed positive integer with (q,m) = 1. If q bea 
k-power free number, then we have 
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Corollary 3 For any fixed positive integer q and any real number x > 1, we 
have 


= ice 
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§2. Proof of the theorem 


In this section, we shall complete the proof of Theorem. For convenience, 
we define a new arithmetical function a(n) as follows: 


le n, ifn-l,ornisak— freenumber, 
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It is clear that 
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From the Euler product formula [5] and the definition of ôm( f (a(n))) we have 
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Obviously, we have inequality 


¡Sm (f (a(n)))| < п, 
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where с > 1 is the real part of s. So by Perron formula ? we have 
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where N is the nearest integer to x, ||x|| = |2: — N|. Taking so = 0, = 2, 
Т = 12, H(z) = x°, B(c) = „17, we have 
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To estimate the main term 
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we move the integral line from s = 2 + iT tos = > c iT. This time, the 
function 
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has a simple pole point at s = 1 with residue OL So we have 
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Combining the above estimates we have 
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This completes the proof of Theorem. 
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This book contains 34 papers, most of which were written 
by participants to the First Northwest Number Theory Confe- 
rence held in Shangluo Teacher‘s College, China, in March, 
2005. In this Conference, several professors gave a talk on 
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